Two-Sided Assortment Optimization

ABSTRACT

We study the two-sided assortment problem recently introduced by
Rios, Saban and Zheng [17]. A platform must choose an assortment
of profiles to show to each user on each side of the market in
each stage. Users can either like/dislike as many profiles as they
want, and a match occurs if two users see and like each other.
The goal of the platform is to maximize the expected number of
matches generated. Given the complexity of the problem, we focus
on the one look-ahead version of the problem (i.e., two stages),
and we provide performance guarantees for different variants of
the problem. Specifically, we show that if users cannot see each
other simultaneously there is an approximation guarantee of 1—1/e
obtained using submodular optimization techniques. For the more
challenging case where simultaneous shows are allowed, we provide
an approximation guarantee of (1 — 1/e)/24. Finally, using data
from our industry partner (a dating app in the US), we numerically
show that our proposed heuristic outperforms several relevant
benchmarks.
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1 INTRODUCTION

A common feature of many marketplaces is their two-sided design,
in which (1) both sides of the market have preferences, (2) both sides
of the market can initiate an interaction with the other side, and (3)
both users must mutually agree to generate a transaction. Examples
include freelancing platforms such as TaskRabbit or UpWork, ride-
sharing apps such as Blablacar, accommodation companies such as
Airbnb, and dating platforms such as Hinge and Bumble, among
others. In many of these platforms, the path towards a transaction
starts with the platform eliciting preferences on both sides of the
market. For instance, Airbnb requires guests to report the location
and dates of their trips, and allows them to add filters regarding
the price, the type of place, and so on. Similarly, Airbnb allows
hosts to set the price and the minimum number of nights, as well as
other preferences. After collecting this information, most of these
platforms display a limited set of alternatives that agents can screen
before starting their interaction with the other side of the market.
Depending on the setting, this interaction can be one-directional,
with one side of the market sending an initial request/message/like
and the other side of the market either accepting or rejecting it; or
it can be bi-directional, with both sides of the market being able to
screen alternatives and start a transaction. Airbnb and Blablacar
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are examples of the former, while Hinge and Upwork are examples
of the latter. Finally, in all these platforms a transaction takes place
if, and only if, both sides of the market mutually accept/like each
other.

As the previous discussion illustrates, one of the primary roles of
the platform is to select the subset of alternatives—the assortment—
to display, considering the preferences and characteristics of the
agents on both sides of the market. We refer to this problem as
a two-sided assortment problem. This is similar to the classic (one-
sided) assortment optimization problem, in which a retailer must
decide the subset of products to display to maximize the expected
revenue obtained from a series of customers. However, the two-
sidedness of the problem imposes some challenges. For instance,
the two-sided nature of the problem implies that both users must
mutually see and agree to each other. Hence, there is uncertainty on
whether a transaction will occur even after the first user initiates
a transaction. Moreover, the platform must carefully balance the
trade-off between relevance—i.e., showing options that are likely to
generate a transaction—and congestion, as the most popular users
may get more request than what they are able to respond to.

The present paper aims to investigate how platforms should
make this decision when both sides of the market can start a trans-
action. More specifically, the goal of this paper is twofold: (1) to
present a two-sided assortment optimization model with bidirec-
tional interactions, and (2) to provide performance guarantees on
this problem.

We start describing a stylized model of a two-sided market me-
diated by a platform. The platform must choose which subset of
profiles to show to each user. Then, users decide whether to ac-
cept or reject each of the options in their assortments. We extend
previous work by allowing both sides of the market to start an
interaction. As a result, matches can happen either (1) from simul-
taneous shows, where the two users see and agree to each other
in the same stage; or (2) sequentially, where users see and agree to
each other on different stages.

To facilitate the theoretical analysis of the problem, we assume
a horizon of two stages. We show that popular algorithms, such as
greedy and perfect matching, can perform arbitrarily poorly in this
setting. Despite this negative result, we can obtain a approximation
algorithms with constant factor guarantee. More specifically, when
simultaneous matches are forbidden we get a guarantee of 1 — 1/e.
The problem is more challenging when simultaneous matches are
allowed, but still we are able to provide a guarantee of (1 —1/e)/24.
Our results rely on submodular optimization techniques, specifi-
cally, finding different formulations to translate our problem into
a submodular maximization problem over downward-closed con-
straints. Inspired by these formulations, we propose a new heuristic
to solve the problem efficiently. This heuristic, called fix and match
heuristic, uses a two-step procedure to find the assortments to show
in the first stage and then optimally solves the second stage given
the realization of the backlog.



Finally, we partnered with a major dating app! that provided
us with real-data to numerically show the performance of our
proposed algorithm. Dating is a direct application of our setting,
and it is an exciting market on its own due to the massive growth it
has experienced over the last decade.? Our numerical experiments
show that the proposed algorithm can considerably increase the
number of matches generated compared to the algorithm used by
our industry partner and also compared to some other relevant
benchmarks.

The reminder of the paper is organized as follows. In Section 2
we discuss the most related literature. In Section 3 we introduce our
model, and in Section 4 we show that some natural approaches can
perform arbitrarily poorly in this setting. In Section 5 we theoreti-
cally analyze the problem and provide our performance guarantees.
Finally, in Section 6 we numerically compare our heuristic with
other relevant benchmarks, and in Section 7 we conclude.

2 RELATED LITERATURE

Our paper is related to several strands of the literature. First, we
contribute to the literature on assortment optimization. Most of
this literature focuses on one-sided settings, where a retailer must
choose the assortment of products to show in order to maximize
the expected revenue obtained from a sequence of customers. This
model, whose general version was introduced in [24], has been
extended to include capacity constraints [20], different choice mod-
els [4,7,8,21], search [27], learning [5, 20, 23], and also personalized
assortments [3, 11]. We refer to [14] for an extensive review of the
current state of the assortment planning literature in one-sided
settings.

Over the last couple of years, a new strand of the assortment
literature has focused on two-sided markets. [2] introduce a model
where each customer chooses, simultaneously and independently,
to either contact a supplier from the assortment offered to them
by the platform or to remain unmatched. Then, the suppliers see
the customers that chose to contact them and decide to either
math with one of them or to remain unmatched. The goal of the
platform is to select the assortment of suppliers to show to each
customer in order to maximize the expected number of matches.
The authors show that the problem is NP-hard, and they provide an
algorithm that achieves a constant factor approximation. [25] study
the same problem, and significantly improve the approximation
factor obtained by [2]. Moreover, [25] provide the first guarantee to
the problem with cardinality constraints. [1] extend this model and
analyze the online setting, where arriving customers are shown an
assortment of suppliers and choose at most one supplier to send a
request, and the suppliers can choose to accept a match after some
time on the platform. The authors show that when suppliers do
not accept/reject requests immediately, then a simple greedy policy
achieves a 1/2-factor approximation. [1] also propose balancing

1We keep the name of the app undisclosed as part of our NDA.

ZSince the launch of Tinder in 2012, hundreds of dating services have emerged world-
wide, making this industry worth between $2 and $3 billion in the U.S. and $12 billion
worldwide [16]. As [19] discuss, online platforms have become the most common
channel for couples to meet, replacing more traditional methods such as meeting
through friends or co-workers. Indeed, using a nation-wide survey, they show that
39% of heterosexual couples that met in 2017 did so online, and this number raises to
65% for same-sex couples. Overall, approximately one out of five couples today met
online.

algorithms that perform relatively well under the Multinomial and
Nested Logit models.

Notice that these papers consider a sequential two-sided match-
ing market, where one side of the market initiates an interaction and
the other side of the market decides whether to match one of the cus-
tomers that contacted them in the first place. Moreover, customers
are limited to contact only one supplier in their assortments. [17]
introduce a model where a platform chooses an assortment for each
user on both sides of the market, and users can like/dislike as many
of the profiles shown to them as they want. Then, a match is formed
if both users like each other, possibly on different time periods. The
authors show that the problem is NP-hard, and they propose a
family of algorithms that account for the negative effect that the
matches obtained today may have on future periods. However, [17]
provides no theoretical guarantees for the algorithms they propose.

The second stream of literature to which our paper is related
is on matching platforms. Starting with the seminal work of [18],
this literature has focused on participation, competition, and pric-
ing, highlighting the role of cross-side externalities. In the dating
context, [13] study how the search environment can impact users’
welfare and the performance of the platform. They find that simple
interventions, such as limiting what side of the market reaches
out first or hiding quality information, can considerably improve
the platform’s outcomes. [12] show that two platforms can suc-
cessfully coexist charging different prices by limiting the set of
options offered to their users. They show that, depending on their
outside option, users must balance two effects when choosing a
larger platform: (1) a choice effect, whereby users are more likely
to find a partner that exceeds their outside option; and (2) a com-
petition effect, whereby agents on the other side of the market are
less likely to accept a request as they have more options available.
All these models consider a stylized matching market, where users
interact with the other side of the market and leave the platform
upon getting a match.

Finally, our paper is related to the submodular welfare problem
[15], which belongs to the larger class of problems of submodular
maximization under matroid constraints [9]. Within this literature,
[26] shows that a 1 — 1/e approximation guarantee can be obtained
for the problem of maximizing a monotone submodular function
under partition constraints.

Our main contribution to the literature is to provide the first
performance guarantee for the two-sided assortment optimization
problem when users have no limit on the number of profiles they
can contact/like in their assortment and can act either simultane-
ously or sequentially. Moreover, we show that many widely used
algorithms, such as greedy-type policies or perfect matching, can
perform arbitrarily bad due to the two-sided nature of the problem.

3 PROBLEM DEFINITION

In our two-sided assortment problem there are two sets of users
I and J, each one representing a side of the market. Given their
reported preferences and characteristics, the platform computes a
set of potential partners Py—or simply potentials—for each user ¢,
which contains the subset of users that may be potentially shown
tof;ie, Pp C Jif ¢ € I, and Py C I otherwise. For each stage
t € T ={1, 2}, the platform shows to each user £ € I U J a subset



S; of users from their set of potentials on the opposite side of the
market, that is, S ; C Py. For each pair of users ¢, ¢’ in different sides
of the market, if we show to user £ agent ¢’ in stage ¢, thatis £ € S{f,
there is a probability ¢,y that ¢ likes £/, and we denote by (Df’z’ the
binary random variable that indicates whether ¢ likes ¢’ in stage ¢
or not. We remark that ¢¢p is not necessarily symmetric, namely
¢ee can be different from ¢pp. Finally, let Srpr = ¢ppp - pprp be the
probability that there is a match between users ¢ and ¢’ conditional
that they see each other.

The backlog of a user ¢, denoted by B, C P, is the subset of users
that liked ¢ in the first stage, thatis, B, = {¢’ : £ € S;, and <I>£1,,[ =1}
We remark that the backlog is a random subset since it is defined
over the random realization of the like events obtained from the
first stage. During the second stage, each user can see profiles taken
from their backlog, or they can also see profiles that were not shown
to them in the first stage, that is, 2 C Py \ Sg foreach¢ e TU J.
Finally, a match between users ¢ and ¢’ occurs if both users are
shown to each other and they consequently like each other. Our
main goal is to maximize the total expected number of matches.

Given that we are studying a two-stage model, then we can
assume that the assortments that are shown in the second stage
correspond to the best response with respect to the first stage deci-
sion. In other words, we only have to consider as a decision variable
the assortments of the first stage. The decision of the first stage
corresponds to a family of feasible assortments S = (S},)[E 1uy such
that, for a given budget K € Z,, S} C P, and |S},| < K for all
telU].

Given a family of feasible assortments S', we denote by Mg
the random variable that indicates the total number of matches
achieved when S! is shown in the first stage. Now, we formally
define problem our main optimization problem.

PROBLEM 1. Given a budget K € Z,, the two-sided assortment
optimization problem is the following

max {E [Mg:] : S' = (S})eeruy. S; € Pe. IS;| <K, Ve eTIU]J},

where the expectation is over the randomization of the agents’ decision
in the first stage.

In the remainder of this manuscript, we denote by OPT the opti-
mal value of Problem 1. In what follows, we say that an algorithm
is an a-approximation if it implements a feasible solution and the
expected number of matches is at least an « fraction of OPT.

We denote by E = {{£, £’} : £ € I, £’ € J} the set of all possible
undirected edges between I and J. We denote by E=Eju E] the set
where Er = {(£,¢') : ¢ € I, £’ € JyandEy = {(¢/,£) : L€ L, £’ € J},
that is, the sets of all directed arcs between I and J. For a given arc
a € E, let @ be the inverted arc, that is, g = (¢’,¢) whena = (¢£,¢).

4 NATURAL APPROACHES

In this section, we some natural algorithms whose performance
guarantees in the worst-case is asymptotically close to zero. With-
out loss of generality, consider the problem with K = 1. Then, the
problem consist of deciding which profile to show to each user in
each stage to maximize the number of matches, where a match
is form either from simultaneous shows or from backlog queries.

There are many natural algorithms that could solve the problem.
For instance,

(1) Greedily assign each user to the profile that maximizes the
probability of a match.

(2) Sequentially find a maximum weight perfect matching, where
the weight of each edge is the probability of having a match
between the users.

As we show now, both alternatives have a worst-case perfor-
mance of zero.

PROPOSITION 4.1. Greedy has worst case performance equal to
zero.

Proor. Without loss of generality, suppose that there is a single
stage, and that there are n users on each side of the market, i.e.,
I = {ij,....int and J = {j1,...,jn}. In addition, suppose that
P; = J forevery i € I, Pj =1 for every j € J, and that f;;, = 1 for
alli € I, while 8;j = 1-eforalliand j # j;.In words, the estimated
probability of matching with user jj is equal to 1 if users are shown
to each other. In this setting, the Greedy policy will chose S; = {j1}
for every user i, and therefore only one match will take place in
expectation. In contrast, an optimal solution is to assign Si, = {jk},
which leads to 1+ (n — 1) - (1 — €) matches in expectation. Then,
the performance of Greedy is given by 1/(1+ (n—1)(1—¢€)) — 0,
as n — oo for e sufficiently small. Hence, the performance of the
Greedy algorithm can be arbitrarily bad. O

PROPOSITION 4.2. Sequential perfect match has worst case perfor-
mance equal to zero.

PRroOF. Suppose that |I| = 2n, |J| = 2, that £; = J for every
i €I, Pj =1forevery j € J, and that ¢;; = p while ¢;; = ¢
foralli € I, j € J. Then, it is easy to see that the sequential
perfect match policy leads to 4pq matches in expectation. On the
other hand, consider the policy where: 1) Int = 1, {iy,...,in} see
J1,> {in+1, ..., i2n} See j2, j1 sees izn and jo sees iy, and ii) in ¢ = 2,
{i1,...,in} see jo,{in+1, ..., ian} see j1, j1 sees any profile that liked
her in ¢t = 1, and same for j = 2. Given this policy, the matches
(izn, j1) and (i, j2) happen with probability pq each. On the other

hand, j; matches with someone in {iy,...,i,} with probability
(1-(1-p)") - q, and the same for j, matching with someone in
{in+1,- - -»i2n}. Then, the overall expected number of matches is

2pq+2q-(1—(1—-p)"). It is direct to check that this is the optimal
expected number of matches. Then, the sequential perfect match
policy achieves a ratio of 4pq/(2q(p+1 - (1 - p)")) — 2/(1+n)
when p — 0,and 2/(1+n) — 0 when n — co. O

5 APPROXIMATION ALGORITHMS

In this section, we devise approximation algorithms for the two-
sided assortment problem. As shown in the previous section, natural
greedy approaches might fail to provide approximation guarantees,
and therefore we use techniques from integer programming and
submodular optimization. Depending on the possibility of allowing
simultaneous shows of users profiles in the platform, we split our
analysis in three different cases that we detail in what follows.



5.1 No Simultaneous Shows

As a first step, we consider the case in which a feasible solution for
the platform is further restricted to only show assortments to side I
in the first stage, and to side J on the second stage. That is, S} =0

for each user j € J and Sl.2 = () for each user i € I. We refer to this
setting as the model with no simultaneous shows. The main result
of this section is the following:

THEOREM 5.1. There exists a (1 — 1/e)-approximation algorithm
for Problem 1 with no simultaneous shows.

We prove this result as follows: First, we focus on providing an
explicit reformulation of Problem 1 when no simultaneous shows
are allowed. With this new formulation, we use tools from submod-
ular optimization to prove Theorem 5.1.

Given that in this section we focus on the setting with (1) no
simultaneous shows, (2) first-stage assortments for users in I and
(3) second-stage assortments for users in J, our decision variables
will be determined only by the directed arcs in Er. To ease the
explanation of our reformulation, in the remainder of this section,
we avoid the subset notation for any assortment family ! and we
use its corresponding indicator variable x* € {0, 1}F! defined over
EI, where for any a = (¢, £’) with ¢ € I and £’ € Py, we have x} = 1
ift’ € S} and zero otherwise.

First, let us define the feasible region for the first-stage assort-
ment. Since, we are considering cardinality constraints and first-
stage assortments only for users in I, then we have the following
feasible region:

pl= {xl € {0, 1}E1 : Zx(lt,’t,,) <K, forevery ¢ € I}.
e

Since the second-stage assortments are only for users in J, then

we write the random family of backlogs as 8 = (8B;),¢j, where

By C EI for all # € J, and a realization of it as B = (By)scj. Then,

given a first-stage decision xle {0, l}E’ , since users behave inde-
pendently, the distribution of 8 is

PaB=B)=[]|]] daxi [ | 1 -axd)]|-

te] |a€B, a¢B,

Now, let us focus on the second-stage objective, which will be the
best-response to the first-stage assortment family. Recall that in
the second-stage we only show assortments to agents in J. Given
an scenario B = B, we have

£(B) = max { >, ¢aya}, (1)
yePy =
acEy
where the feasible region is given by
Plzg = {y e {0, 1} : Zy((/,f) <K, forevery f € J,
el
Ya < 1(gep), foreveryace E]},

and 1z¢py is the indicator variable that takes value one if a = (i, j),
with i € I'and j € J, is such that @ € B}, and zero otherwise. We
remark that f can be evaluated by using a greedy algorithm.

Finally, the objective for Problem 1 in the setting of no simulta-
neous shows can be written as

F(¢x') = )" f(B) - P (8B = B), @)
B

where ¢x! is the vector given by ¢,x] for all a € Ey and the sum
is over all possible backlog families. As we mentioned previously,
to prove Theorem 5.1, we use tools from submodular optimization.
First, let us define some key concepts.

Definition 5.2. Consider a ground set of elements &. A non-
negative set function ¢ : 26 — R, is submodular if for every
X,Y € & such that X C Y and for every x ¢ Y we have g(X U
{x}) = g9(X) = g(Y U {x}) — g(Y). The function g is monotone if
for every X, Y € & with X C Y we have g(X) < ¢g(Y).

We say that a subset K C [0, l]ﬁf is downward closed if the
following holds: when g € K and w < k component-wise, then
w € K. We can obtain the following result.

Lemma 5.3. The following holds:

(a) The function f defined in (1) is monotone and submodular.
(b) For every B, the feasible region PIZ3 is downward closed.

Proor. For the first part, note that f can be written in the same
form as the function in Proposition 3.1 of [9]. The second part easily
follows by noting that the cardinality constraints are downward
closed and also the second type of constraints. O

Definition 5.4. Given a ground set of elements & and a set func-
tion g : 26 — R, the multilinear extension of g, denoted by
G : [0,1]® > Ry, is defined for any y € [0, 1]€ as the expected
value of g(Oy), where Oy is the random set generated by drawing
independently each element s € & with probability ys. That is,

Gy = > 90 ]y [] (1-uo)

0c28 seO  se&E\O
Vondrak [26] prove the following:

THEOREM 5.5 ([26]). Given a set function g : 26 5 R, and its
multilinear extension G : [0, 1]8 — Ry. Then, the following holds:

(a) If g is monotone, then VG > 0 component-wise.

(b) If g is submodular, then the Hessian matrix of G is non-positive

component-wise.

Furthermore, there exists an efficient algorithm such that given a
downward closed polyhedron R, it computesy € R such that G(y) >
(1-1/e) - max,eg G(z).

Note that function F defined in (2) is the multilinear extension
of f defined in (1) evaluated in the vector y, = ¢,x. for all a € Ep.
Therefore, Problem 1 in the setting of no simultaneous shows can
be written as

max {F(¢x1) ixle Pl}. (3)

In what follows we focus on devising an approximation algo-

rithm for Problem (3). Consider the optimization problem given by

max F(z) (4a)

zZpp
s.t. Z ze <K

for every i € I, (4b)
t'e]: fee
Doy >0



0<z4<¢, foreveryae Ep. (4c)

LEMMA 5.6. The optimal value of problem (4a) is an upper bound
on the optimal value of Problem (3).

Proor. Consider a feasible solution x! € {0, 1}£! for the opti-
mization problem (3), that is, ), < K for every £ € I. Let

z= gbg{xl. Observe that

D, Flti= ), xiy =K

J€J:$ij>0 JE€J:9i;>0

1
eI *(ee)

foreveryi €I, and z, = xéd)a < @4 for every a € EI, and therefore
z is a feasible solution for the problem (4a)-(4c). Since the objective
value of x! in (3) is equal to the objective of z in (4a)-(4c), we
conclude the lemma. o

In what follows we describe the algorithm used to prove Theo-
rem 5.1. Our algorithm is based mainly on two different tools: the
continuous greedy algorithm for submodular optimization [26] and
the dependent randomized rounding algorithm by Gandhi et al.
[10]. We formally state our method in Algorithm 1.

Algorithm 1 No Simultaneous Shows

Input: An instance for a two-sided assortment problem
Output: A feasible assortment
1: Compute a solution z for the problem (4a)-(4c) using the con-
tinuous greedy algorithm.
2: For each i € I, let i € [0, 1]/ be the vector such that the j-th
entry of x; is equal to z;j/¢;j when ¢;; > 0 and zero otherwise.
3. Independently for each user i € I, run the dependent random-
ized rounding algorithm [10] to compute an integral random
vector %; € {0,1}/.

4 ForeachiEIreturnSi1 ={jeJ:%j=1}

First, Theorem 5.5 says that there exists an efficient algorithm
that computes a solution z feasible for the problem (4a)-(4c) such
that

F(z) > (1 - -) OPT’, (5)

where OPT’ is the optimal value of (4a)-(4c).

Second, our algorithm utilizes the dependent randomized round-
ing algorithm of Gandhi et al. [10]. Given the fractional solution z
satisfying (5), let y; € [0, 1]/ be the vector such that the j-th entry
of y; is equal to Z;j/¢;; when ¢;; > 0 and zero otherwise. Observe
that thanks to constraint (4c) we have y; € [0,1]/ for each i € I.
Then, independently for each user i € I, by the algorithm of Gandhi
et al. [10] it is possible to efficiently compute an integral random
vector %; € {0, 1}/ satisfying the following conditions:

(1 Z]e] Xij <
(2) E[xl]]

We are ready to prove our main result.

[2]6]#1]] and
pij foreachi€landj € J.

ProoF oF THEOREM 5.1. Thanks to condition 1 of the random-
ized rounding algorithm, for each i € I we have

foijs inj Z Zi <K,

jeJ jeJ jeJpii>0 7Y
where the last inequality holds since K is integral and z satisfies
constraint (4b). Therefore, our algorithm gives a feasible solution
for the two-sided assortment problem. We now analyze the approx-
imation guarantee.

Ex[F(:")] Zf(B) B[ 1] gaté [ | (1-dats

te] |aeB, a¢B,

—Zf(B) [TITT gaBetzl | ] (1 - paBelziD)
te] |a€B, a¢B,

—Zst) [ ]‘[%‘“ 1‘[(1—¢a-z—“
te] |aeB, “aezBf $a

=F(2),

where the second equality comes from the fact that x; is indepen-
dent from x, for every i, f € I with i # £ and the third equality comes
from condition 2 of the randomized rounding procedure. Finally,
using inequality (5) and Lemma 5.6 we conclude the proof. O

5.2 Simultaneous Shows in the First Stage

One of the limitations of the usual approaches in sequential two-
sided assortment optimization is the inability of users to evaluate
profiles in each stage. To accommodate this feature, we now con-
sider the possibility that users see and like each other in the same
stage. For simplicity, in this section, we will focus on allowing si-
multaneous shows in the first stage. A match between users i € I
and j € J given by simultaneous shows in the first stage happens
with probability ¢;;¢; ’le Jl . Therefore, an extra term has to be
added to the optimization problem (3). Formally, Problem 1 with
simultaneous shows only in the first stage can be formulated as
follows

max Z ¢a¢5x;x%+ F(px) :xt e P},

ack

where P! and F are the same region and function, respectively,
defined in the previous section. However, the objective function
in this formulation is not necessarily submodular, so we cannot
simply follow the same approach described in the previous section.
To overcome this, we reformulate the objective function to make it
submodular by adding extra variables and constraints. For every
arca € E, let x} be the binary variable defined as in the previous
section. Let us consider an extra binary variable z! for every e € E
(undirected edges) that takes the value one if i € I and j € J with
e = {i, j} simultaneously see each other in the first stage. Notice
that for a given edge e = {i, j}, and arc a = (i, j), only one of the
variables zl, x} and x% can be equal to one. For a given edge e € E,
denote by a, and g, the corresponding directed arcs. Our feasible
region is therefore the following:



1_ 1,1y, 1, .1 1
P —{(x,z).ze+xae+xae$1, for every e € E,

Z (xz”,) +z}”,}) <K, forevery ¢ €I,

t'e]

Z (x(lmz) +Z?{Ml}) <K, forevery f € ],

t'el
xt e {0,1}E, 2! € {o, 1}5},

We can interpret that each edge e € E has three types of states:
without direction (simultaneous shows) or either of both directed
versions (non-simultaneous shows). In the first stage, we can only
choose one of these states for each edge e € E, which corresponds
to the first family of constraints in P1. Each user £ € I U J can only
be shown at most K users in the opposite side. This can happen in
two types of states: a directed arc or an edge. Therefore, for each
user we have to choose at most K of these states, which corresponds
to the second and third family of constraints.

Now, we can express the objective function of our problem in
the following way:

maX{Z ¢ae¢£zé+F(¢x1)  x! ePl}, (6)
e€E

Observe that the objective corresponds to the sum of a linear
function plus a submodular function, which gives a submodular
function. Moreover, the new feasible region Pl is downward closed.
The following is the main result in this section.

THEOREM 5.7. There exists a (1 — 1/e) /24-approximation algo-
rithm for Problem 1 with simultaneous shows only in the first stage.

To obtain this result, we construct a similar upper bound than in
the previous section and obtain a fractional solution (x€, 25) via
continuous greedy whose value is at least (1 — 1/e)OPT’, where
OPT’ is the optimal value of the upper bound, which we know is
at least OPT. Since P! corresponds to packing constraints, we can
use the technique of contention resolution schemes introduced in
[6]. The system of inequalities is 3-sparse, i.e., every variable is in
at most 3 constraints. Therefore, [6] gives a (b, 1 — 6b)-balanced
contention resolution scheme and by using their methodology we
can obtain a solution (%', 2!) € P! such that its objective value is
at least b(1 — 6b) fraction of the objective value of (x, z%), where
b € (0,1/6). Note that b(1 — 6b) is maximized in b = 1/2 which
gives a 1/24-factor and concludes the proof.

5.3 Simultaneous Shows in Both Stages

In this section, we allow simultaneous shows in the first and second
stages. This creates an extra challenge, since we cannot show an
edge (or corresponding arc) more than once among stages. Recall
that F is defined as

F(gx') = > f(B) - P (B = B),
B

where f is a maximization problem defined over a region Pé. When
simultaneous shows are allowed in both stages, the feasible region

PIZ; of the second stage depends on x! and z!. In other words, instead
of f(B), we would have f(B, x1, zl), which results in another layer
of complexity since P,1(8B = B) already depends on x!. To address
this challenge, we will reformulate feasible regions P! and P]23, as
well as the objective function of the second stage, in such a way
that the distribution of the backlogs does not depend on x.

First, we add a binary variable in the first stage y] for every edge
e € E that takes the value one if we decide to consider edge e in
the second stage, and zero otherwise. Then, each edge has now
four types of states: with no direction (simultaneous shows), both
directions and left to the second stage. Since we can only choose
one of those states for each edge, we have the following:

T_ )t 11y, 1, 1, 1 1
P —{(x,z,y).ye+ze+xae+xae§1, for every e € E,

Z ("(lf )

t'e]

Z (x%t’ ?)

el

{“,, ) K, forevery f €I

{”, ) K, forevery ¢ € J

xle {01}, yl 2l e {0,1}5}.

Note that the cardinality constraints are not affected by y!. Now, let
us focus on the second stage feasible region. Let us add the binary
variable zZ for every edge e € E with e = {i, j} that takes value
one if we simultaneously show j to i and i to j, and zero otherwise.
Consider the following region:

P? = {(Xz,zz) : x% < x}, for every a € E,

<y e, for every e € E,

z
( +z?{)t,,}) <K, foreveryf €I

+z?”,}) <K, forevery £ € J

x> e{0,1}F, e {0,1}5}.

Observe that given the constraints in P!, we do not need to add the
set of constraints x2 + xi +x2 < 1. We can rely on the two new
families of constraints. The second family of constraints says that
we can only simultaneously show an edge in the second stage if we
decided to leave available that edge (this decision is represented by
variable y!). The first family of constraints ensures that we show
the inverted arc a only if we showed a in the first stage; if not, then
it should not be available in the second stage. The reason to add
this set of constraints is to avoid the dependency of the distribution
of the backlogs on x!.

Formally, the distribution that we consider now is the following:
We will sample all directed edges, without taking into account if
they were selected in the first stage. In other words,

PB=B)=[]|[]da[]1-0a

te] |aeB, a¢B,



Next, we have to guarantee that arcs that were sampled, but whose
inverted version was not selected in the first stage, then its contri-
bution to the objective should be zero. Formally, given an scenario
of a family of backlogs B = B, we define the best response of the
second stage as

Z z/’)axé + Z Pa, aezg 2 (%%, 2%) e P?

aelJ, B, ecE

fo(x',y!) = max

Note in the first term of the sum, if x% = 0, then xg = 0 and its
contribution to the objective is zero (even if it was sampled as part
of the scenario B). This formulation ensures that the distribution
of the family of backlogs does not depend on first-stage variables.

LEmMMA 5.8. Given any family of backlogs B, the following holds:

(1) Ifx! is fixed, then fg is monotone submodular on y'.

(2) Ify! is fixed, then fg is monotone submodular on x'.

Moreover, since the sets of elements that define x! and y! are disjoint,
then fg can be re-interpreted as unidimensional submodular function.

Proor. We use Proposition 3.1 in [9] to prove parts 1. and 2.
Finally, since x! and y! are disjoint, [22] shows that fz can be
re-interpreted as unidimensional submodular function. o

Now, we can formulate Problem 1 with simultaneous shows in
both stages in the following way:

max {Z ¢a5¢>@z;+F(x1,y1) : (xl,zl,yl) € Pl}, 7)
e€E
where F(x',y") = X f(x".y") - P(8 = B).
Given the submodularity of F (average of submodular functions),
linearity of the first sum and that P! is downward closed. The
following is the main result of this section.

THEOREM 5.9. There exists a (1 — 1/e) /24-approximation algo-
rithm for Problem 1 with simultaneous shows in both stages.

The proof of the theorem follows the same lines of Theorem 5.9.

5.4 Proposed Algorithm

Given the large number of possible backlogs that result from the
assortments chosen for the first stage, it is not possible to efficiently
solve (7). However, we know that for any set of profiles shown in

1 .
the first stage, {x”, } VP, telu] and for any given set of backlogs,

B = {Br}eruy, the solution to the second stage problem can be
efficiently obtained solving:

2
max Z Z Yoo - Peer + Zpp - Per - Pere

telU] ' eP,
st. Yer < lypes,) Vo' e Pptelu]

x?(, +ypr <1 —x}[,, Vo' e PptelU]

Z X2,y <K, VEeIU]
t'eP,

®)

2 22 2 2 _ .2 ’ ’
Zop < Xpprs Zppr < Xprps Zppr = Zprpy VU € Ppt €1U ]

Xk, Yoo 2oy €[0,1], VO € Py, LIV ]

Hence, the challenge is to find a good solution for the first stage.
As shown in [17], an upper bound for the problem with T stages
can be obtained from solving the following LP:

T

max Z Z Z Yoe - bee +2pp - bee - dere

t=1¢€lU] t'eP,

t -1
st. Z Yo < L{pes,)y + Z(x}g —2zpp)  pee. V' € Pe,
=1 =1
telU ], telT]

T
D iy tyfy <LV ePptelu]
=1
D xty +yby <K VEETUJte[T]

j

t t t t t _ ’
Zppr S Xpprs Zppr S Xprps Zppr = Zprpy VU € Pyt €1U ]t € [T]

Xhprs Ybps 2o € [0,1], VO € Pet € TU ]t € [T]
©)

Notice that, when T = 1, this problem is similar to that in (8). The
only difference lies in the first two constraints: in the first case, we
consider the expected backlog instead of the realized one, and in
the second one, we incorporate the decisions in the first stage to
avoid showing a given profile more than once to the same user.
Thus, when extended to the two stages, (9) weights in the expected
backlog and the optimal decisions in the second stage.

The idea behind our heuristic—called fix and match heuristic
(FMH)—is to use (9) to obtain a good first stage solution. As this
solution may be fractional, the second step is to obtain an integer
solution for the first stage. We accomplish this by fixing the first
stage variables obtained from the linear relaxation and solving the
integer version of (9). As the magnitude of the problem reduces
considerably after fixing the variables with integer values, this step
can be done efficiently, resulting in an integer solution for the first
stage. Finally, the heuristic finds the optimal optimal decisions for
the second stage after observing the realized backlogs by solving (8).
This heuristic is formalized in Algorithm 2.

Algorithm 2 Fix and Match Heuristic (FMH)

Input: Py, £ €IV J,and ¢}, £’ € Py, t€1U]
Output: An assortment Sf7 for each user ¢ € J and stage t

1: Solve 1 and keep x*1.

2: Solve 1 considering as additional constraints x;[, = x;t’,} when-
ever x;}} € {0,1}, and x;[, € {0,1} otherwise. Define S; =
{{" : )?}{,, = 1}, where f}f, is the optimal value of x1.

3: Given the assortments in stage 1, S', and the realized backlogs

B, solve 2 for the second stage.

6 EXPERIMENTS

In this section we evaluate the performance of the proposed algo-
rithm using real data.



Table 1: Descriptives of Instance

N Score  Potentials Like Rate
Women 173  5.330 69.491 0.270
(2.423)  (15.978)  (0.174)
Men 113 2.763 94.035 0.571
(1.504)  (22.701)  (0.132)

6.1 Data

To perform our experiments, we use a dataset obtained from our
industry partner. This dataset includes a sample of heterosexual
users from Houston, TX. For each user ¢ and for each profile ¢’ in
their set of potentials, we compute the probability that ¢ likes ¢’
using the same approach described in [17]. In Table 1 we report
several summary statistics of the instance (standard deviations in
parenthesis), including the number of users, their score, the number
of potentials available, and their like probabilities.

6.2 Benchmarks

To assess the performance of the proposed algorithm we compare
it with several benchmarks:
(1) Naive: for each user, select the subset of profiles that maxi-
mizes the expected number of likes, i.e.,
S{f = arg max Z deer
ScP UL ST:|SI<K | jes
(2) Random: for each user, select a random subset of potentials
of size K.
(3) Partner: for each user, select a subset of profiles based on
the algorithm used by our industry partner.
(4) Sequential Perfect Matching (PM): for each user, select the
profiles obtained from solving the problem
T

max Z Z Z 2 - oo - e

t=1¢€lU] t'eP,

T
st D xfp <LV €PreelU]

=1

Dixty <K VeelUJteT]

J
Zhp < Xpprs Zop < Xy Zhp =2hp, VO € Ppt eIVt € [T]
XppsZbp € [0,1], W' € Pyt €IV J,t € [T,

(10)

ie., Stt, = {j :x{f[, = 1} foreacht eI U Jandt € [T]].
(5) Greedy: for each user, select the subset of profiles that maxi-

mizes the expected number of matches, i.e.,

{{% $eer - (l{f'eB;ﬁ} +dee - l{zwg})}

(6) DH: for each user, select the subset of profiles that results
from the Dating Heuristic (DH) described in [17]. For each
stage t € [T], DH consists of two steps: (i) optimization,

S; = arg max

ScP UL SIS |I<K

160 1
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Figure 1: Matches by Benchmark

where (9) considering one stage of look-ahead and the up-
dated backlog for each user; and (ii) rounding, where first
the profiles ¢’ for which yél, > 0 are added to S‘f first, and
then if there is space left in the assortment, the profiles for
which x?t,, > 0 are added to Stf.

6.3 Results

For each benchmark, we perform 100 simulations where, in each
stage, (1) we choose the assortment to show to each user, (2) we
simulate the decisions of the users based on their like probabilities,
and (3) we update the state of the system before moving on to the
next stage.

Our main experimental results are summarized in Figure 1, which
reports the average number of matches generated by each bench-
mark. First, we observe that the performance of PM and Greedy are
considerably better than their worst-case performance. Indeed, we
find that these two policies perform well compared to our indus-
try partner’s algorithm. Second, consistent with the results in[17],
we observe that DH outperforms both Greedy and PM. Finally,
we observe that the proposed heuristic outperforms all the other
benchmarks. Moreover, we observe it achieves over 94% relative to
the upper bound, equal to 163.63 for this instance.

7 CONCLUSIONS

We theoretically study a two-period version of the two-sided assort-
ment optimization problem introduced in [17]. This problem departs
from previous work as it allows for both sides of the market to start
an interaction, as it is the case in many matching markets including
dating, car-sharing, etc. Using tools from submodular optimization,
we provide the first performance guarantees for different variants
of the problem, including the cases where simultaneous shows are
not allowed, and also considering the general when this constraint
is removed. In addition, we provide a novel heuristic that is inspired
by our theoretical analysis of the problem, and we show that this
heuristic outperforms all the other benchmarks considered.

We believe that there are many interesting directions for future
research. First, we believe that our results can be extended to the
case with multiple periods, and also to the case when the like
probabilities depend on the assortment shown. In addition, our
model can be easily extended to the case where users log-in with
some known probability. Another direction is to formally study the
performance of the proposed FMH.
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