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Problem definition: Motivated by online dating apps, we consider the problem of selecting the subset of
profiles to show to each user in each period in a two-sided matching platform. Users on each side observe
the profiles set by the platform and decide which of them to like. A match occurs if and only if two users
mutually like each other, potentially in different periods. We study how platforms should make this decision
to maximize the expected number of matches under different platform designs, varying (i) how users interact
with each other, i.e., whether one or both sides of the market can initiate an interaction (one and two-
directional, resp.), and (ii) the timing of matches, i.e., whether the platform allows non-sequential matches
(i-e., when both users see and like each other in the same period) in addition to sequential ones.
Methodology /Results: We focus on the case with two periods and study the performance of different
approaches. First, we show that natural approaches in the online matching and assortment literature, includ-
ing greedy and perfect matching, have worst-case performance arbitrarily close to zero. Second, we show that
algorithms that exploit the submodularity of the problem and properties of its feasible region can achieve
constant factor approximation guarantees that depend on the platform design, ranging from 1 —1/e to 1/3.
Finally, we show that the Dating Heuristic (DH) (Rios et al.|[2023), which is commonly used and achieves
good performance in practice, provides an approximation guarantee of 1 —1/e for all platform designs.
Managerial Implications: We show theoretically and empirically that the performance of the DH is robust
to the platform design. Our simulation results—using real data from our industry partner—also show that
platforms using a one-directional design should initiate interactions with the side that leads to the smallest
expected backlog per profile displayed, balancing size and selectivity. Moreover, we find that a one-directional
design can lead to at least half of the matches obtained with a two-directional design. Finally, our results

show that avoiding non-sequential matches has no sizable effect, regardless of the platform design.
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1. Introduction
A common feature of many dating platforms is their curated approach, presenting users with a
limited subset of profiles rather than granting unrestricted access to all the available ones. This
strategy, used in platforms such as Bumble, Hinge, Coffee Meets Bagel, and The League, aims
to enhance users’ experience by promoting more meaningful connections. Moreover, limiting daily
profile views helps reduce app fatigue and fosters a sense of anticipation and excitement that can
translate into user satisfaction and retention.

Despite their shared motivation, curated dating apps often differ in design and functionalities,
catering to various preferences and needs. One design feature that differs across these platforms is

the sequence of interactions. For instance, the “Ladies Choice” model behind Coffee Meets Bagel uses
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a one-directional approach, whereby men move first by evaluating a set of profiles. Then, women
are shown only profiles of men who liked them in the first place. Bumble follows a similar approach,
allowing only women to reach out first. Other platforms, such as Hinge and The League, use a
two-directional approach, whereby both sides of the market can screen profiles and initiate the path
towards a match.

A second design feature that differentiates some platforms is the timing of matches. Most platforms
employ a sequential design, whereby users in a match may see each other’s profiles in different
periods and, thus, a match results from them sequentially liking each other. This design reduces
wasteful displays, as one match member sees the other only conditional on a first like. However,
some platforms require matches to be non-sequential, i.e., they need both users to see each other in
the same period. For instance, Once is a unique dating app that provides users with one “match”
per day; thus, both users often see each other in the same period. Other dating apps, such as
Bumble and The League, provide video chat or speed-dating services requiring users to see each
other simultaneously.

In this paper, we study the problem of deciding the subset of profiles to display to each user
in each period to maximize the expected number of matches under different platform designs,
whereby a match between two users realizes if, and only if, both users like each other, potentially
in different periods. The goal of this paper is twofold. First, we provide a framework that allows
for various platform designs, varying two key features to accommodate different functionalities: (i)
the sequence of interactions, i.e., whether the platform restricts to one-directional interactions—
where one side evaluates first and the second only observes users that previously liked them—or
allows two-directional ones—where both sides can start the path towards a match by being the first
evaluator; and (ii) the timing of matches, allowing them to be sequential—whereby users see and
like each other in different periods conditional on an initial like—or non-sequential—in which users
can see and like each other in the same period. Our second goal is to investigate the effectiveness of
commonly used algorithms and analyze their performance in theory and practice for the platform

designs mentioned above.

1.1. Contributions
As|Rios et al.| (2023)) argue, one-look-ahead policies that consider two periods (current and following)
to decide which profiles to show are commonly used and perform well in practice. For this reason,
we start by analyzing the two-period version of the problem by extending the model in (Rios et al.
2023) to capture the two design choices mentioned above, i.e., (i) the sequence of interactions and
(ii) the timing of matches.

The first variant we analyze is when we only allow for one-directional interactions and sequential

matches, i.e., only users on one side of the market can initiate an interaction, and no pair of users
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see each other in the same period. This case is particularly relevant as (i) it captures the design of
several women-oriented platforms (e.g., Coffee Meets Bagel and Bumble) that provide women more
control over whom they interact with, and (ii) other two-sided platforms operate in this way, which
has motivated recent work, e.g., (Ashlagi et al.|[2022, |/Aouad and Saban|2022, Torrico et al.[2021)).

The second variant of the problem extends the first one by allowing sequential matches to hap-
pen in both directions, i.e., two-directional interactions with sequential matches. In this case, the
platform selects profiles for users on both sides of the market in each period and, thus, both sides of
the market can initiate an interaction. However, we assume that no pair of users see each other in
the same period, so matches can only occur sequentially in the second period. This design matches
dating platforms that update the profiles to be displayed continuously over time (e.g., Hinge and
Tinder), responding to users’ likes and dislikes decisions.

The third variant expands on the initial one by allowing non-sequential matches in the first period.
More precisely, the platform chooses subsets of profiles for the “initiating” side of the market (hence,
one-directional interactions) but can also select pairs of users that will see each other in the first
period. Thus, matches can also happen if both users in these pairs like each other in the first period.
This design is used in some dating apps that combine “standard swiping” with video chat/speed
dating, such as Filteroff and The League, where users can evaluate profiles as usual but can also log
in at specific times and get matched for short video speed dates.

The last variant of the problem is when interactions are two-directional and matches can happen
either (i) sequentially in the second period or (ii) non-sequentially in the first one. This platform
design captures the one used by dating apps that precompute (generally in the middle of the night)
the profiles to display on a given day and do not adjust them based on users’ activity during the
same day. Note that this setting is the same as the one originally considered in [Rios et al.| (2023)).

Despite the two-period assumption, we show that many common approaches (such as local greedy
and perfect matching) have a worst-case performance arbitrarily close to zero. Moreover, we show
that algorithms commonly found in the submodular optimization literature (e.g., the continuous
greedy algorithm with dependent randomized rounding (Vondrak||2008, |(Gandhi et al.|2006]) and the
local-search algorithm (Lee et al.[2009))) lead to constant factor approximations that differ across
platform designs, as summarized in Table [T}

In sharp contrast, we show that the integral version of the Dating Heuristic (DH) introduced
by [Rios et al. (2023), which involves solving a mixed-integer program with one lookahead period
to obtain a solution for the current period accounting for its effect in the following one, achieves
a 1 —1/e approximation guarantee for all the platform designs, improving upon the approaches
described above. The derivation of this performance guarantee is interesting on its own and relies on

two elements. First, we show that we can upper bound the maximum expected number of matches
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Table1 ~ Summary of results.

Direction of Interactions

One-directional Two-directional
Timing Sequential 1-1/e 1—1/e 1/(24+¢) 1—1/e
of Matches Non-Sequential 1/(2+¢) 1—1/e 1/(3+¢) 1—1/e

Note: The results above are for an arbitrary e > 0. These guarantees are relative to the optimal solution of the
corresponding DP formulation for each platform design. Guarantees not in bold correspond to those obtained with

submodular optimization methods and in bold are those obtained with DH.

that can be obtained in the second period as a result of the profiles displayed in the first period
by either adapting DH or using a novel linear program that involves the general distribution of
backlogs as decision variables. We refer to the latter as the distribution problem. Then, using a
duality argument, we establish that the upper bound obtained by the latter is at least that obtained
by the former. Our second main ingredient is to show that, given the subsets of profiles displayed
in the first period, the distribution of the backlog in the second period is a feasible solution for
the distribution problem. Hence, we can use the notion of correlation gap (Agrawal et al.|[2010),
which compares the objective values of our solution and the distribution problem, to establish our
guarantee.

To complement our theoretical results, we empirically evaluate the performance of DH and the
other benchmarks for different platform designs using real data from a major dating app in the
US[7In line with the insights in (Rios et al|2023), we find that allowing for non-sequential matches
does not significantly affect the number of matches the platform can generate. More interestingly,
DH significantly outperforms the algorithms that rely on submodular optimization techniques. Fur-
thermore, our simulation results demonstrate that platforms using a one-directional design should
initiate interactions with the side that leads to the smallest expected backlog per profile displayed,
balancing size and selectivity. Lastly, we show that the best one-directional design leads to at least
half of the matches generated by the corresponding two-directional design.

We conclude the paper by providing several model extensions. First, we show that DH can be
modified to solve the problem with multiple periods and obtain the same 1 — 1/e performance
guarantee (i) relative to any semi-adaptive policy for any platform design and (ii) relative to any
adaptive policy in the case with one-directional interactions and sequential matches. Second, we
analyze the case where the platform can form non-sequential matches in the second period and
provide a guarantee of 1/4e when the market is sufficiently large and the timing of interactions
is one-directional with the most selective side (i.e., with small like probabilities) moving first. Our

! This platform provided us with real data to test our proposed algorithms. We keep the app’s name undisclosed as
part of our NDA.
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one-directional assumption on the pickier side aligns with the results in (Kanoria and Saban| 2021,

[Torrico et al|[2021], [Shi| [20224), which demonstrate that platforms can reduce market congestion

when the more selective side (or the one whose preferences are harder to describe) initiates the

matchmaking process. Our large market assumption aligns with previous theoretical work on the

online stochastic matching problem, see e.g. (Mehta and Panigrahi [2012} |Goyal and Udwani [2023)).

To prove our guarantee, we show that the gains from allowing non-sequential matches in the second
period are relatively small compared to when we allow non-sequential matches in the first period
only.

Organization of the paper. In Section [2] we discuss the most related literature. In Section [3 we
introduce our model, discuss its two-period version, and introduce DH. In Section[d], we theoretically
analyze the two-period version of the problem and provide performance guarantees under different
platform designs. In Section [5] we numerically analyze DH and compare it with other benchmarks
for different platform designs. In Section [6] we provide several extensions of our baseline model.

Finally, in Section [7}, we conclude. We defer all the proofs to the Appendix.

2. Related Literature
Our paper is related to several strands of the literature. First, we contribute to the literature on
assortment optimization. Most of this literature focuses on one-sided settings, where a retailer must

choose the assortment of products to show in order to maximize the expected revenue obtained from

a sequence of customers. This model, whose general version was introduced in [Talluri and van Ryzin|
(2004)), has been extended to include capacity constraints (Rusmevichientong et al.[[2010), different
choice models (Davis et al|[2014, Rusmevichientong et al.|[2014, Blanchet et al.| 2016, [Farias et al|
2013), search (Wang and Sahin|[2018), learning (Caro and Gallien| 2007, [Rusmevichientong et al.
2010, [Sauré and Zeevi 2013)), personalized assortments (Berbeglia and Joret| 2015, Golrezaei et al.|
2014), reusable products (Rusmevichientong et al|[2020), and also to tackle other problems such as
priority-based allocations (Shil2022b)). We refer to K&k et al| (2015) for an extensive review of the

current state of the assortment planning literature in one-sided settings.

Over the last couple of years, a new strand of the assortment optimization literature devoted

to two-sided markets has emerged. |[Ashlagi et al| (2022)) introduce a model where each customer

chooses, simultaneously and independently, to either contact a supplier from their assortment or
to remain unmatched. Then, each supplier can either form a match with one of the customers
who contacted them in the first place or remain unmatched. The platform’s goal is to select the
(unconstrained) assortment of suppliers to show to each customer to maximize the expected number

of matches. The authors show that the problem is strongly NP-hard, and they provide a constant

factor approximation algorithm. Torrico et al| (2021)) study the same problem and significantly
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improve the approximation factor obtained by |Ashlagi et al. (2022)), which also applies to more
general settings. Aouad and Saban|(2022) introduce the online version of the model in (Ashlagi et al.
2022), i.e., customers arrive and make their choices sequentially over time and, after some time,
each supplier can choose to match with at most one of the customers that chose them. The authors
show that when suppliers do not accept/reject requests immediately, then a simple greedy policy
achieves a 1/2-factor approximation. Aouad and Saban| (2022)) also propose balancing algorithms
that perform relatively well under the Multinomial and Nested Logit models. Notice that all these
papers analyze sequential two-sided matching markets, where only one side can start the path
toward a match. Users on the other side only respond by deciding which user to match with among
those who contacted them in the first place. Moreover, customers are limited to choosing only one
supplier in their assortments, and suppliers can only choose one customer among those who initially
contacted them. Hence, we contribute to this literature by studying different platform designs with
users making multiple selections, enabling two-directional interactions and non-sequential matches.

Within the emerging assortment optimization literature in two-sided markets, the closest paper
to ours is (Rios et al.[2023]). The authors introduce a finite horizon model where a platform chooses
a subset of profiles for each user (on both sides of the market), and users can like/dislike as many of
the profiles as they want, forming a match if they like each other. Hence, their model is equivalent to
ours when we allow two-directional interactions and non-sequential matches. The authors introduce
a family of heuristics (Dating Heuristics) that rely on a one-period lookahead optimization problem
to decide which subsets of profiles to show in each period, and they show through a field experiment
that their heuristics perform well in practice. However, Rios et al. (2023]) provide no theoretical
guarantees for their proposed algorithms, as they focus on estimating like probabilities and showing
how these depend on the number of matches recently obtained. Hence, our paper complements this
work in that we provide the first performance guarantee for the problem involving two-directional
interactions and non-sequential matches. Moreover, we extend their model and the analysis to cover
other relevant platform designs.

The second stream of literature related to our paper is on the design of matching platforms.
Starting with the seminal work of |Rochet and Tirole (2003), this literature has focused on participa-
tion, competition, and pricing, highlighting the role of cross-side externalities in different settings,
including ridesharing (Besbes et al|2021), labor markets (Aouad and Saban [2022, Besbes et al.
2023)), crowdsourcing (Manshadi and Rodilitz [2022), public housing (Arnosti and Shi [2020), and
volunteering platforms (Manshadi et al.[2022). In the dating context, Halaburda et al. (2018)) show
that two platforms can successfully coexist charging different prices by limiting the set of options
offered to their users. |Cui and Hamilton (2024) analyze subscription pricing strategies and show

that nlatforms can achieve hicher revenne and welfare by varvine the term of subscrintions [Kanoria
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and Saban| (2021)) study how the search environment can impact users’ welfare and the performance
of the platform. They find that simple interventions, such as limiting what side of the market reaches
out first or hiding quality information, can considerably improve the platform’s outcomes. [mmor-
lica et al.| (2022) study settings where the platform can use its knowledge about agents’ preferences
to guide their search process, and show that the platform can induce an equilibrium with approxi-
mately optimal welfare and simplify the agents’ decision problem by limiting choice. Finally, |Celdir
et al. (2024)) analyze the popularity bias present in some recommendation systems and show that
platforms can increase the number of matches and their revenue by recommending popular profiles
as long as they do not become “out of reach”. All these models consider a stylized matching market,
where users interact with the other side of the market and leave the platform upon getting a match.
Hence, we contribute to this literature by allowing agents to like multiple profiles and potentially
match with many of them within the time horizon.

The last stream of the literature related to our work, motivated by applications in kidney exchange,
is the stochastic matching problem in the query-commit model, also known as stochastic probing
with commitment. In this problem, the matchmaker can query the edges of a general graph (e.g.,
to assess the compatibility between a pair donor-patient) to form a match of maximum cardinality
using the accepted edges. Starting with Chen et al.| (2009)), who introduce the problem (with patience
constraints) and provide the first performance guarantee, most of this literature has focused on
settings where the matchmaker queries only one edge at a time, see e.g. (Adamczyk 2011} |Costello
et al.[2012] Bansal et al.|2012] |Gamlath et al.|2019| [Hikima et al.|2021] [Brubach et al.|2021], |Jeloudar
et al. [2021). Nevertheless, |Chen et al. (2009) also study a case closer to ours, where the planner
can query a matching in each period. The authors show that a greedy algorithm that selects the
edges with the highest success rate in decreasing order provides a 1/4-approximation to the optimal
online algorithm when forced to commit. Jeloudar et al. (2021 study the case when there is no
such commitment (i.e., the matchmaker can choose not to use an accepted edge) and show that a
similar greedy algorithm achieves a 0.316-approximation guarantee. Qur problem is similar in that
the edges are of uncertain reward (given that like decisions are stochastic). However, we focus on
selecting (or in other words, probing) subsets of profiles and each edge realization (a match) depends
on the result of two outcomes. Moreover, we show that the greedy approaches used in this strand

of the literature perform arbitrarily badly when adapted to our setting.

3. Model
In this section, we introduce a model of a two-sided market mediated by a platform that decides, in
each period, which subset of profiles (if any) to show to each user to maximize the expected number

of matches. Users can like as many profiles as they want, and if two users mutually like each others’
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profiles (potentially in different periods), a match between them materializes. In Section (3.1} we
formalize each model component. In Section we focus on the two-period version of the problem.

Finally, in Section [3.3] we introduce the Dating Heuristic that we later analyze in Section [

3.1. Problem formulation
We now describe the dating market, the matching process, and the platform’s goal and design.

Dating Market. Consider a dating platform that faces a discrete-time problem over a finite horizon
of T periods, where the set of periods is denoted by [T'] ={1,...,T}. Let I and J be the sets of users
participating on this platform, which are known at the beginning and remain fixed throughout the
horizon, i.e., no users enter or leave the platform. This assumption captures settings involving short-
term horizons, e.g., platforms operating daily. To simplify the exposition, we focus on a heterosexual
market; thus, we can model the users and their interactions through a bipartite graph.

At the beginning of the horizon, each user ¢ € I U J reports their profile information (e.g., age,
height, race, etc.) and their preferences regarding each of these dimensions (e.g., preferred age and
height ranges, preferred races, etc.), which remain fixed throughout the horizon. The platform uses
this information to compute the initial set of potential partners P}—or simply potentials—for each
user £, i.e., the set of users that £ prefers over being single and for whom £ satisfies their preferences.
Since our market is a bipartite graph, then P} C J for each i € I and le C I for each j € J.

Matching Process. In each period t € [T], the platform selects a subset of potentials S} C P} to
be displayed to each user £ € I U J, where P} is the set of potentials for user ¢ at the beginning of
period t. As we later discuss, the sets of potentials are updated at the end of each period to capture
users’ decisions and prevent users from evaluating a profile they have already seen in the past or
someone who has already disliked them. To mimic our industry partner’s practice, we assume that
the maximum number of profiles a user can see in a given period is fixed and equal to K, i.e.,
|SH| < K, for all L€ TUJ and t € [T].

For each user £ € TUJ and a profile £ € Sy, let @, be the binary random variable that indicates
whether ¢ likes £’ in period , i.e., @ , = 1 if £ likes ¢ and &} , =0 otherwiseﬁ In addition, let ¢; ,, =
IP’(CIDE,Z, =1) be the probability that ¢ likes ¢ in period ¢; in the remainder of the paper, we refer to
it as the like pmbabz’lityﬂ These probabilities are known to the platform and are independent across
users and periods. Independence across users is reasonable because individuals do not know whether
other users liked them in the past, while independence across periods simplifies the analysis. Indeed,
Rios et al.| (2023)) find that the number of matches obtained in the recent past affects users’ future
2 We focus on cases where users can either like or not like a profile, ruling out the skip option that is part of our

partner’s platform. As discussed in (Rios et al.|[2023)), this is without loss of generality because 5% of profiles are
skipped. Hence, throughout this paper, dislike and non-like are equivalent.

3 Note that d)Ze, is not necessarily symmetric, i.e., ¢2Z, might be different from ¢, ,.
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behavior, so they assume that like probabilities depend on past matches. Since deriving provable
guarantees is substantially more challenging in the past-dependent setting and the magnitude of
the history effect identified in (Rios et al.[22023]) is small relative to the overall like probabilities,
we omit correlations across periods. Moreover, note that there is no dependence on the subset of
profiles displayed on the like probabilities. This assumption simplifies the analysis, allowing users
to potentially like several profiles without having to model preferences over sets. This assumption
is without major practical loss, as [Rios et al. (2023) observe that like probabilities are almost
independent of the rest of the profiles displayed. Finally, let 3; , = ¢; ;s - ¢}, be the probability of a
match between users £ and ¢’ conditional on them seeing each other in period t.

Let B} be the backlog of user £ € I U J at the beginning of period ¢, i.e., the subset of users that
liked ¢’s profile before period ¢, but have not been shown to ¢ yet. Then, the set of potentials and

the backlog of user £ in period t can be computed as:
Pr=P N\ (S UDTY), By= (BT ULT)\ ST (1)

where the sets L)™' = {E’ le S, and @y, = 1} and D' ={¢':0€ S, " and @}, =0} corre-
spond to the sets of users that liked and disliked £ in period ¢ — 1, respectively. In words, user £’s
set of potentials in period ¢ can be obtained by excluding from £’s set of potentials in the previous
period (i) the set of users displayed to ¢ in period ¢ — 1 and (ii) the set of users who disliked ¢ in
t — 1. Similarly, the backlog of user ¢ in period t corresponds to their backlog in period ¢ — 1 adding
the set of users who liked £ in t — 1 and removing those profiles displayed to £ in period ¢t — 1. Note
that, for any user £ € I UJ and period t € [T], (i) B: C P}, i.e., the backlog is a subset of the set of
potentials, and (ii) that P} can only decrease as t increases since the market’s composition does not
vary over time, i.e., no users enter or leave the platform.

A match between users £ and ' occurs if both users see and like each other. Let pj, be the
random variable whose value is one if a match between users £ and ¢’ happens in period ¢, and zero
otherwise. Then, we know that 1 , = 1 if and only if one of the next two events holds: (i) users see
and like each other in different periods, i.e., {(I)Zz' =1, €B}} or {@ﬁ,,e =1, L€ B, }; or (ii) users
see and like each other in period ¢, i.e., £ € Sy, ¢' € S}, and @) , = ®},, = 1. In the former case, we
say that the match happens sequentially, while in the latter, we say it happens non-sequentially.
Notice that these two events are disjoint since users see each other at most once and, thus, we
cannot simultaneously have that ®j, ,=1 and ¢’ € Bj.

Platform’s Goal and Design. The platform aims to find a dynamic policy that selects a feasible
subset of profiles for each user in each period to maximize the total expected number of matches

throughout the entire horizon, as formalized in Problem

4We can easily adapt our model to capture settings with a utility value per match; the properties and insights we
prove in this work carry over.
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A policy m € II for this problem prescribes a sequence of feasible subsets S*™ = {SE’” for

}eefuJ
t=1,...,T that depends on the initial sets of potentials, the history of profiles shown, the realized
like/dislike decisions, and the platform’s design. As discussed in Section , we consider two design
choices: (i) the timing of matches (only sequential or adding non-sequential), and (ii) the sequence
of interactions (one or two-directional). We now define these design choices formally.

(i) Timing of Matches. We say that a policy 7 restricts to sequential matches if no pair of users
see each other in the same period, i.e., for any pair (i,7) € I x J and period ¢, i € S’;’7r implies that
j ¢ SP™ and j € SP™ implies that i ¢ S;i’”. As a result, matches can only happen if users see and
like each other in different periods. In contrast, a policy 7 allows non-sequential matches if no such
constraint exists.

(ii) Sequence of interactions. We say that a policy 7 is one-directional if only one market side
can initiate the path towards a match. Formally, suppose that m is a one-directional policy and
that I is the initiating side. Then, in any period ¢, 7 is such that S;"™ C P! for each i € I, while
50T C Biu{ieP!:je 5S¢} for j € J In words, users in I can see any profile from their set of
potentials, while users in J can only see profiles in their backlog or from users who see them in
period t (if non-sequential matches are allowed). In contrast, a policy 7 is two-directional if any side
can initiate an interaction, i.e., 7 is such that Sé’” C P} for each £ € T U J.

Given a platform design, let II be the set of all admissible policies satisfying the design require-
ments and the additional constraints described above (e.g., cardinality of subsets, feasibility based

on potentials, etc.). Then, the problem faced by the platform can be formulated as:

PROBLEM 1. Given a set of admissible policies II, the problem faced by the platform is the

following:

max E
well

T
t,m
i 5
t=1 iel jeJ

where the expectation is over the probabilistic choices made by the users and possibly the policy’s

randomization.

REMARK 1. Problem I]can be formulated as an exponentially-sized dynamic program (DP) where
the sets of potentials and backlogs fully characterize the state of the system; see Appendix for a
general version of this DP. As previously noted (in Table , we use the optimal solution to this DP
as the benchmark to compute our performance guarantees. One may consider a stronger benchmark
that knows the realizations of all likes/dislikes in advance and computes the maximum matching
in the realized graph. However, this benchmark (known as omniscient or offline optimum) is too

5 Note that, by the updating formulas in , i€ 73; and j € S] for some 7 <t imply that i € B;-, since otherwise ¢
would have been removed from the set of potentials of j at the end of period .
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strong in our setting since no dynamic policy can achieve a meaningful guarantee relative to it (even
in a two-period setting). Similar observations have been previously done in the literature, e.g.,|Chen
et al.| (2009)), Jeloudar et al.| (2021). We include an example in the Appendix for completeness.

Notation. Let E={{i,j}:i€1, j€ J} be the set of all possible undirected edges between I and
J, and let E = E; U E; be the set of all possible directed edges, where E; = {(i,j):ie1, jeJ}
and E; = {(j,i):i €1, jeJ} are the sets of all directed arcs between I and J and vice versa,
respectively. In the remainder of the paper, we use bold notation to denote vectors and families of
subsets, while standard italic notation for their components. Finally, when clear from the context,

we remove the dependency on the policy 7 to simplify the notation.

3.2. Two-Period Model

As discussed in (Rios et al.[2023)), one-lookahead policies are commonly used and perform well in
practiceﬂ For this reason, we focus for now on the two-period version of the problem and return to
the general case in Section [6.1]

Given that T'= 2, we can simplify the notation and denote by B, = B7 the backlog of user ¢ in
the second period, i.e., the subset of users that liked ¢ in the first one and that ¢ has not seen yet.
Note that B ={B},.;,, is a random subset since it depends on the profiles displayed S' and the
random realizations of the like decisions in the first period. Hereafter, we denote by B = {B,},.,
the realizations of B. Note that the family of subsets of profiles to display in period t € {1,2},
St = {S!} sy, can be fully represented by two binary vectors: (i) x* € {0,1}F, which captures
sequential interactions; and (ii) w' € {0,1}¥, which captures non-sequential interactions, i.e., that
both users see each other in period ¢. Then, ¢’ € 7 if and only if zj , = 1 or w} = 1 with e = {£,£'}. As
we discuss later, we impose additional constraints to make the latter two events mutually exclusive
so that users see each other sequentially or non-sequentially, but not both. To avoid confusion, note
that we index the components of w' with e € E instead of ¢,¢' (as we do for the components of x*)
because an edge e € F is not an ordered pair; instead, we interpret e € E' as a subset of size 2. When
clear from context, we omit the clarification e = {¢,¢'}.

Since like/dislike decisions are independent across users, we can characterize the distribution of

the random backlog B using the vector of sequential interactions x! as

P (B=B)= H H Gure o H (1—p x;/,z) : (2)

te1uJ | veB, ¢B,
In words, the backlog of user ¢ at the beginning of the second period is equal to B, if all users ¢’ € B,

saw (i.e., 2, , = 1) and liked user £ in the first period, while all users not in By either (i) did not see

5 A one-lookahead policy is a policy that, in every period ¢, optimizes over the current and the next period, i.e., it
considers as horizon {¢,t+ 1}.
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¢ in their first period (i.e., 2}, , = 0), (ii) £ and ¢’ saw each other in the first period (i.e., w} =1), or
(iii) saw ¢’s profile but did not like it.

Given a backlog B = {B,},., , realized after the first period, the problem faced by the platform
in the second period is to select a subset of profiles to display to each user to maximize the expected

number of matches, which can be formalized as:

2 2 2 2
max E E ¢e,z' Tyt E Be - wg

EGIUJE/EPE ecE
s.t. Z Ty + Z w? < Ky, VeelUJ,
Z/epg ecE: lce (3)
wfg]l{é,epg\Be}, VelelUdJ, KIE’PZQ, €:{£,£/}
1:/%/' S]].{g/eBg}, YlelUlJ, 5/67)52

x?€{0,1}*, w? € {0,1}"

where P? is the set of potentials of user ¢ in the second period, updated according to . The first
family of constraints captures the cardinality requirements, while the second ensures that users can
only see each other in the second period if none of them have seen the other before. Finally, the
third family of constraints guarantees that sequential interactions, captured by xg,ew involve only
profiles in the backlog. Note that we do not need to impose that :UZZ, + wf <1 since it is redundant
from the second and third families of constraints.

In Proposition |1, we show that the set function that returns the optimal expected number of
matches from given a realized backlog is not submodular in B. Although we can efficiently
evaluate this function by solving a linear program (see Proposition |8 in Appendix , the lack of

submodularity poses an extra technical barrier to obtaining provable guarantees.

PROPOSITION 1. The set function that returns the optimal expected number of matches in Prob-
lem s not submodular in B.

The lack of submodularity in Problem follows from allowing non-sequential matches in the
second period to compensate for the lack of profiles in a user’s backlog. Hence, in the remainder of the
paper, we focus on cases where the platform forbids non-sequential matches in the last period. This
assumption simplifies the analysis and allows us to leverage submodular optimization techniques
and other technical tools, such as the correlation gap (Agrawal et al.2010), to solve the problem.
Moreover, as we empirically show in Section [5] this is without practical loss because most matches
materialize sequentially. In Section [6.2] we return to the general case, discuss its challenges, and
provide a guarantee for when like probabilities are small.

Let f(B) be the function that returns the maximum expected number of matches obtained from

the backlog B realized after the first period. Since we do not allow non-sequential matches in the
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second period, we can set w? =0 in and, thus, f corresponds to the maximum expected number

of sequential matches that can be generated, which can be obtained as follows:

f(B)= x2renRa2>(<B) { Z Z (bzé’ 'wg,e' }a (4)

KEIUJ[/GPZQ

where the feasible region R?(B) is defined as

R*B)= {x2 €{0,1}%: Z 2y <Ky x]y <lepy, YelUJ, e 7?3}. (5)
v eP?

Note that and hold regardless of the platform design. As the sequence of interactions only
restricts who moves first, is unaffected because it only entails profiles from the backlog (by )
and, thus, interactions that started in the first period. Similarly, allowing non-sequential matches
in the first period does not affect the definition of f since the latter corresponds to the maximum
expected number of matches the platform can generate from the backlog B.

The fact that we can characterize the maximum expected number of matches from the backlog
using and facilitates the problem since R?*(B) is a matroid and the function f is monotone

and submodular, as we formalize in Lemma
LEMMA 1. The function f(B) defined in is monotone and submodular.

Although the function f(B) can be efficiently evaluated using a greedy algorithm, the two-period
problem is significantly more challenging since backlogs depend on the first-period decisions. For-
mally, let M?(x',w') be the maximum expected number of matches that can be produced in the

second period given the subsets of profiles displayed in the first period captured by (x*, w'), i.e.,

Mt wh) =Eppa [f(B)= ) [(B) Pa(B=B). (6)

B={B¢}eerus
where ¢'-x' denotes the vector with components ¢y - z; ,» and B~ ¢' -x" represents the (random)
backlog sampled from vector ¢! -x!. Note that the summation in @ is over all possible backlog
realizations, i.e., all possible B ={B/}scru; with B, C P} for each £ € I UJ. Moreover, note that
M?(x,w) is also monotone and submodular in x, as we show in Lemma Finally, let M'(-) be the
function that returns the total expected number of non-sequential matches generated in the first

1

period given the first-period decisions (x!,w'), i.e.,

MU wh) =) 8w (7)

ecE

Given the definitions of M () and M?(-), we can formalize our two-period problem.

"In Appendix , we provide definitions for the concepts of monotonicity, submodularity, and also for the multilinear
extension of set functions.
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PROBLEM 2. Given a set of admissible policies 1I, the two-period version of Problem [1] is:
max {M'(x',w'") + M?*(x",w'): (x',w')e R"}, (8)

where RM! is the feasible region determined by II.

Note that, given our re-formulation of the problem, R is the only element affected by the
platform design. For the general case with non-sequential matches in the first period and two-

directional interactions, RV can be written as
R = {xl €{0,1}*, w'e{0,1}7: Typ+ap,+w, <L, VelUJ, ' eP},e={l{'}

Yoate+ > wl<K, WEIUJ}, (9)

E,GPZ ecE: lce

where the first family of constraints guarantees that profiles are displayed either sequential or non-
sequential (but not both) and the second family of constraints enforces the cardinality constraints.
In Section |4, we describe how each platform design translates into a different R* and M?.

In the remainder of the paper, we denote the optimal value of Problem |2/ as OPT" for each plat-
form design II and say that a policy achieves an a-approzimation if it implements a feasible solution
leading to an expected number of matches that is at least an « € [0,1] of OPT" in polynomial time.

As previously mentioned, we remove the dependency on II when clear from the context.

3.3. Dating Heuristics.

The Dating Heuristic (DH) (Rios et al.|2023)) is a method to solve Problem [2| that has been used in
practice due to its simplicity and effectiveness. The idea is to solve a linear program that provides an
upper bound for Problem [I] and round its solution, prioritizing profiles that may produce sequential
matches. We now describe an integral version of DH for our two-period setting. We focus on the
integral version for three reasons: (i) it allows us to derive our guarantees in a simpler way as it does
not need the rounding step, which may lead to inefficiencies; (ii) its connection to the two-period
model described in Section is direct; and (iii) the search for integral solutions does not generate
an extra computational burden. Moreover, to simplify the exposition, we assume that users have no
backlog in the first period. For completeness, we formally describe the original DH in Algorithm

in Appendix [A74] In the remainder of this paper, we omit “integral” to ease exposition.
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In the first period, DH solves the following mixed integer program:

max Z Z %'we,w B+ Z Z Yoo B

ZEIUJ@/Ep(} éeIUngepl}
s.t. Yy < (IL‘zl’z—wg’g/)'(ﬁé/’g, VlelUld, Z/E’Pél,

> wmw <Ky, VeeIulJ,

oep} (10)
Z Yoo < Ky, VeeTuld,

veP}

Wepr < Tgpry, We e < Tpr gy We gt = Wer g, VeelUlJ, l'ePy,

x@,é’a ’U)g’gl S {07 1}7 y@,@’ S [07 1] ) vg € I U J7 El S P£1

In Problem , the decision variables z,, indicate whether or not user ¢ sees ¢'’s profile in the
first period. The decision variables y, » represents the probability that user ¢ sees ¢'’s profile in the
second period as the follower of the interaction, i.e., ¢ liked £ in the first period and, thus, ¢ is in
¢’s backlog. The decision variables wy ¢ represent whether or not ¢ and ¢’ both see each other in the
first period. The objective in is to maximize the expected number of matches obtained in the
two-period horizon, including non-sequential (first term in the objective) and sequential matches
(second term in the objective). The first set of constraints defines y and captures the evolution of
the backlog. The second and third sets of constraints limit the number of profiles to display to each
user. Finally, the last set of constraints captures the definition of wy 4.

Based on the optimal solution (x', y', w') of Problem (10), DH (i) constructs the subsets to
display in the first period, i.e., S} ={¢' € P} : x4 =1} for each £ € TU J, (ii) updates the potentials
and backlogs according to based on the realized like/dislike decisions; and (iii) obtains x* by
solving (), displaying the subset of profiles S7 = {¢' € P} : x}, =1} for each £ € TU.J in the second

period. We formalize this procedure in Algorithm

Algorithm 1 Integral Dating Heuristic (DH)
Input: An instance of Problem

Output: A feasible subset of profiles to display to each user in each period.
1: Solve Problem and let (x', y'w') be the optimal solution.
2: For each user £ € I U J, display the subset of profiles S} = {¢' € P} : z;, =1}.
3: Observe like/dislike decisions. Update potentials and backlogs following .
4: Solve Problem and let x? be the optimal solution.
5: For each user £ € U J, display the subset of profiles S7 ={¢' € P} : x}, =1}.
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Note that, although the decision variables in do not correspond exactly to the variables in
@, these two problems are closely related. Indeed, as we show in Lemma , we can re-formulate ([10))

extending the variable space in as follows:

max Zwe ﬂel + Z Z yu/-gbzel

eckE ZGIUJZ/G,Pll

s.t. Yoo wa,e'gﬁ%’,b VEEIUJ, 6/67)27
oo +To g+ we <1, Veluld, V' eP),e={L1},
Sowwt Y we<K VeeTu, (11)
elepl} e€EE: lce
Z Yer < Ky, VeelUJ,
veP}

x€ {0,117, we {0,117, y €[0,1].
LEMMA 2. Problem 1s equivalent to Problem .

Based on this reformulation, the connection with Problem [2] becomes clear. The first and second
terms in the objective of are analogous to M () and M?(+), respectively. Moreover, the second
and third families of constraints in coincide with R in (9). In Section we will exploit

this connection to derive performance guarantees for DH.

4. Analysis for Different Platform Designs

Our goal in this section is to provide performance guarantees for various approaches to solve Prob-
lem [2] under different platform designs. In Sections and we consider settings where the
platform only allows sequential matches, and we vary whether interactions are one or two-directional,
respectively. Then, in Sections [£.3] and [£.4] we relax the sequential-only restriction and allow for
non-sequential matches in the first period. Finally, in Section [£.5] we provide a performance guar-
antee for DH that is common to all platform designs. The omitted proofs from this section can be

found in Appendix

4.1. One-directional Interactions and Sequential Matches

As discussed in Section [T}, many dating platforms restrict which side of the market can reach first to
improve users’ welfare (Kanoria and Saban| 2021, Immorlica et al.2022). Given our horizon of two
periods, the simplest approach to accomplish this is to assume that the platform displays profiles
to only one side of the market in the first period and, conditional on the realized like and dislike
decisions, the platform decides which subset of profiles to show to the other side of the market in the
second period. As a result, matches can only happen sequentially in the second period. This setting

is similar to that studied in the recent two-sided assortment optimization literature (Ashlagi et al.
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2022, Torrico et al.[[2021} |Aouad and Saban|2022)), where customers first select a supplier from their
assortment and, later, the suppliers observe all the customers that chose them and decide whom
to serve. Our model departs from this literature in two key aspects. First, we assume that users
can like as many profiles as they want and, consequently, they can potentially match with multiple
users on the other side. Second, we assume that like probabilities are independent of the subset of
profiles displayed, while these papers consider an underlying choice model (e.g., MNL) to compute
them. As mentioned above, this independence assumption greatly simplifies the analysis, and it is
practical given that assortments minimally affect users’ like probabilities (Rios et al.[2023).
Without loss of generality, we assume that interactions can only be initiated by agents in 1.
Hence, in the first period, the platform must choose a subset of profiles for each user in I, i.e., x! =
{x}’j}iel,jepg, that satisfies the constraints defined by the platform, namely, that Zje?} zl < K;

) —

for each i € I. Hence, the feasible region for the first-period decisions can be formulated as:

Rlz{xle{o,1}ﬁr Y al <K Vie[}. (12)
jeP}

Note that the only difference between R! and RV in @ is that the former involves w! =0 and EI

instead of E = E;UE 7, ensuring that only users in I can see profiles in the first period.

A natural approach to solve Problem [2[ under feasible region is to adapt commonly used
algorithms in the online matching and assortment optimization literature. One such algorithm is
the greedy policy, which provides a performance guarantee of 1/2 for both the online matching
problem (Karp et al.|1990)) and the online two-sided assortment problem (Aouad and Saban [2022).
In our setting, such a (local) greedy policy would select the subset of profiles that maximizes the
expected number of matches obtained by each user in isolation (see Appendix for the formal
definition). In Proposition [2| we show that this policy achieves a worst-case performance arbitrarily
close to zero, as it does not account for the potential congestion that some users may cause on

others.

PROPOSITION 2. The worst-case approzimation guarantee for the local greedy policy is O(1/n),

where n is the size of the market.

An alternative approach is to find a maximum weight perfect matching in each period, where the
weight of each edge is the probability of having a match between the users (see Appendix
for the formal definition). Chen et al. (2009) and Jeloudar et al.| (2021]) consider a similar approach
in the probing problem with and without commitment and show that it achieves a performance
guarantee of 1/4 and 0.43, respectively. Nevertheless, as we show in Proposition |3 this policy has
also a worst-case performance arbitrarily close to zero. This result is not surprising, as the perfect

matching policy does not exploit the information provided by the realized like decisions.
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PROPOSITION 3. The worst-case approximation guarantee for the perfect matching policy is

O(1/n), where n is the size of the market

Given that our model requires the realization of two random variables to generate a match, the
approaches above perform poorly because of their non-adaptive nature. To address this challenge,
we exploit the structural properties of f(B) defined in and the feasible region R'. As discussed
in Section the function f(B) that returns the maximum expected number of matches that can
be achieved given a realized backlog B is monotone and submodular in B. Moreover, it is easy to
see that the feasible region R' in is a partition matroid. Therefore, we can show a (1 —1/e)-
approximation guarantee by combining the continuous greedy algorithm introduced by |[Vondrak
(2008)) (for submodular maximization under matroid constraints) with the dependent randomized

rounding algorithm by |Gandhi et al.| (2006). We formalize this in Proposition

PROPOSITION 4. When II is restricted to one-directional policies with sequential matches, there

etists a feasible solution x' of Problem[d whose objective value is such that M*(x*) > (1—1/e)- OPT.

REMARK 2. Note that the worst-case performance of the local greedy and perfect matching
policies also holds for the other platform designs. Hence, in the remainder of this section, we focus
on devising performance guarantees for algorithms exploiting the submodularity of the objective

function and, in Section [£.5] we provide a guarantee for DH that holds for all platform designs.

4.2. Two-directional Interactions and Sequential Matches
As in the previous case, we assume that the platform only allows sequential matches. However, we
now consider the case where both sides of the market can initiate an interaction in the first period.
This assumption holds in platforms that dynamically compute the profiles to show within each day
based on their users’ most recent evaluations. For instance, Tinder describes their algorithm as “|...]
a dynamic system that continuously factors in how you're engaging with others on Tinder through
Likes, Nopes, and what’s on members’ profiles []”ﬂ Tinder, and other platforms, have additional
features that promote sequential matches by enhancing profile visibility and allowing users to signal
a heightened level of interest, such as Tinder’s “Super Like” or Bumble’s “SuperSwipe”.

To capture this platform design, we now assume that the first period decisions, represented by
x! e {O,I}E, include arcs in both directions, i.e., E=F,UE;. Then, the feasible region for the

first-period decisions can be characterized as:

R' = {xl € {0, 1}E: Z Top <K, VLeIUJ, and zy, +xp,<1, VelUJ l'c 79[1} (13)

1
vep,

8 You can find more details on Tinder’s website.


https://www.help.tinder.com/hc/en-us/articles/7606685697037-Powering-Tinder-The-Method-Behind-Our-Matching
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The first family of constraints ensures our cardinality requirements, while the second ensures that
no pair of users see each other in the first period, preventing non-sequential matches. Note that we
set w! = 0 since non-sequential matches are not allowed and, consequently, M! = 0.

Following a similar strategy as for the one-directional case, we can exploit the submodularity of
the objective function and the structure of R' to find an approximation guarantee. Specifically, the
feasible region R' corresponds to the intersection of two matroids, so we can use [Fisher et al.| (1978)
to devise a feasible solution with an approximation factor of 1/3, or we can apply the local search
algorithm in (Lee et al|[2009) for an improved guarantee of 1/(2+ €)’] We formalize this result in
Proposition

PROPOSITION 5. When 11 is restricted to two-directional policies with sequential matches, there
exists a feasible solution x' of Problem @ whose objective value is such that M*(x') > 3= - OPT,

for any € > 0.

REMARK 3. Note that the approximation factor worsens relative to Proposition [4 because the
family of constraints that prevents non-sequential matches correlates the decisions for each pair of
users. An alternative approach would be to remove these constraints and penalize non-sequential
matches. However, this approach may affect the submodularity of f in the second period. Another
possibility is to consider the approach used in Proposition [dl However, the correlation between the

decision variables prevents from using the dependent randomized rounding for each user.

4.3. One-directional Interactions and Non-Sequential Matches
So far, we have assumed that matches can only happen sequentially. However, many platforms have
recently launched games/features that involve non-sequential matches. For instance, in 2021, Tinder
introduced the “Hot Takes” game, where users who want to participate must log in within some time
window (e.g., from 6 pm to midnight) and, after answering some questions, they are paired with
another user and allowed to start a chat conversation before they both like each other and form a
match. Other platforms, such as Filteroff and The League, have implemented similar speed-dating
formats, allowing users to video chat for some time (e.g., 3 minutes) and giving them a chance to
form a match and extend their time. Finally, platforms like Once provide users with only one match
per day and, consequently, must ensure that users see each other in the same period. Thus, some
platforms may consider generating non-sequential matches as part of their design.

As in Section , we assume (without loss of generality) that interactions are one-directional
with I as the initiating side. However, we now allow the platform to select pairs of users that will

simultaneously see each other in the first period and, thus, can potentially generate a non-sequential

9 Both methods were originally designed for submodular maximization under the intersection of matroids.
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match. To accomplish this, we use the variables w' € {0, l}E defined over the set of undirected edges
between I and J, and we also set wz}.,e' =0 for all £ € J, ¢’ € P} since interactions are only initiated

by users in I, i.e., x' € {0, 1}E1 . Then, the feasible region for the first-period decisions becomes:
R'= {xl €{0,1}"1, w' e {0,1}": zl i +w, <1,Viel, jeP!, e={ij}

dowli+ > wl<K;,Viel,

j€732.1 ecE:ice
> w;ngj,weJ} (14)
ecE:jce

The first family of constraints guarantees that no profile targets both a sequential (i.e., :UZI ;=1) and
a non-sequential match (i.e., w! = 1), while the second and third families of constraints ensure that
the subsets of profiles to display satisfy the cardinality requirements for sides I and J, respectively.
Note that each user j € J only sees profiles involving users i € I for which w! =1 and, thus, users
in J cannot initiate sequential matches.

Similar to the previous case, we can show that the feasible region R! corresponds to the intersec-
tion of a partition with a laminar matroid. Therefore, since the objective function is still monotone
and submodular, we can use the local search algorithm proposed by Lee et al| (2009) to find a

feasible solution with an approximation factor of 1/(2+ ¢€), as we formalize in Proposition @

PROPOSITION 6. When 11 is restricted to one-directional policies with non-sequential matches in
the first period, there erxists a feasible solution (x',w?') of Problem@ whose objective value is such

that M*(x', w') + M?(x',w') > 51- - OPT, for any €>0.

4.4. Two-directional Interactions and Non-Sequential Matches
The last platform design we consider is when interactions are two-directional and matches can
happen sequentially (in the second period) or non-sequentially (in the first period). This setting
captures the one used by many platforms (including our industry partner) that daily “pre-compute”
the subsets to display the next day and allow some users to see each other in the same period,
especially those with a limited pool of potential partners.

As discussed in Section the feasible region for the first-period decisions can be represented
by @, which corresponds to the intersection of three partition matroids. Hence, we can use the
local search algorithm in [Lee et al.| (2009) to find a feasible solution with an approximation factor

of 1/(3+¢), as we formalize in Proposition [7]

PROPOSITION 7. When Il is restricted to two-directional policies with non-sequential matches in
the first period, there exists a feasible solution (x',w?') of Pmblem@ whose objective value is such

that M*(x', w') + M?(x',w') > 5= - OPT, for any €>0.
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4.5. Improved Guarantee for All Platform Designs using DH

The results so far show that exploiting the feasible region’s structure and the objective function’s
monotonicity and submodularity can lead to feasible solutions with constant-factor approximation
guarantees. However, these guarantees are specific to each platform design and worsen as we enable
more features. In this section, we show that DH achieves a (1 — 1/e)-approximation guarantee for

Problem [2] for any platform design, as we formalize in Theorem

THEOREM 1. DH achieves a (1 —1/e)-approxzimation guarantee for Problem f07" any platform

design.

The proof of Theorem (1| (in Appendix relies on a novel connection between the reformula-
tion of the relaxation used by DH and a different relaxation that aims to find the distribution
of backlogs that maximizes the number of matches while satisfying constraints on the marginal
probabilities. Specifically, given the optimal solution (x*,w*,y*) of , we first observe that y*
can be recovered by solving the following problem:

F(x*,w") := max Z Z d)zg/ Yoo (15)

(eIVT pep}

st. Yoo < by xh VeeIUJ, I €P}
S e <K, VeeluJ
vep}
Yoo >0, VeluJl ePy.

We then show that a second upper bound for the expected number of matches in the second

period can be obtained for any vectors of first-period decisions (x,w) € {0,1}" x {0,1}" by solving:

G(x,w):=max Y Y  fuB) Ap (16)

leruJ Bg”pl}

st. Y Ap=1 VeeTuJ
BCP}
Z Ao = @,gl T, VelUuJl eP,
BQP}:E’EBZ
Aep 20, VeeIUJ, BCP,.

In this formulation, which we refer to as the distribution problem, the decision variables Ay g rep-
resent the probability that the set B C P} is the backlog of user ¢, and f,(B) is the maximum
expected number of matches that user ¢ can achieve given a backlog B (as defined in ) The first
and last families of constraints ensure that the variables {\; } BCP! correctly define a probability
distribution, while the second family of constraints guarantees that the marginal probabilities are

consistent with the first-period decisions.
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Based on these two formulations, the next step in the proof is to show that G(x*, w*) is at least
F(x*,w*) and that a feasible solution for the latter can be constructed as A, p = Px; (B) (as defined
in [2[ but only considering ¢). Noticing that the expected number of matches in the second period
produced by this feasible solution coincides with M?(x*, w*), we combine strong-duality with the

correlation gap in |Agrawal et al. (2010) to show that
M3(x*,w*) > (1—1/e)- G (x*,w*) > (1 —1/e) - F (x*,w").

Finally, recalling that M*(x*, w*) + F(x*,w*) > OPT (since provides an upper bound of OPT

and the left-hand side coincides with its optimal solution), we conclude that
M(x*,w*) = M (x*, w*) + M?(x*, w*) > (1 —1/e) - OPT.

5. Experiments
In this section, we evaluate the performance of DH for different platform designs and compare it

with the other benchmarks analyzed in Section [4]

5.1. Data

We use a dataset obtained from our industry partner to perform our experiments. This dataset
includes all heterosexual users from Houston, TX that logged in between February 14 and August
14, 2020, and includes all the observable characteristics displayed in their profiles for each user in
the sample, namely, their age, height, location, race, and religion. It also includes an attractiveness
score—or simply score—that depends on the number of likes received and evaluations received in
the pastm Finally, the dataset includes all the profiles that each user evaluated between February
14 and August 14, 2020, including the decisions made (like or dislike), which other profiles were
displayed, and relevant timestamps. As a result, we have a panel of observations, and we can fully
characterize each profile evaluated by each user in the sample.

Using this dataset, for any pair of users £ € I UJ and ¢’ € P}, we compute the probability that ¢
likes ¢’ using the panel regression model described in detail in Appendix Since we assume that
like probabilities are independent across periods (i.e., we assume that there is no effect of the history
on the like behavior of users)E we estimate the like probabilities considering a logit model with
fixed effects at the user level. In addition, we control for all the observable characteristics available

in the data, namely, the characteristics of the profile evaluated and the interaction with those of the

10 This score is measured on a scale from 0 to 10, where 10 represents the most attractive profiles and 0 the least
attractive ones.

"Rios et al.[(2023) find that the number of matches obtained in the recent past has a significant negative effect on
users’ future like/dislike decisions. However, the authors show that the primary source of improvement comes from
taking into account the market’s two-sidedness and choosing better assortments. Hence, we decided to focus on the
latter and simplify the estimation of probabilities.
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user evaluating. In Table [2| (see Appendix [C.1)), we report the estimation results. Then, by using
the estimated coefficients and users’ observable characteristics, we predict the probabilities ¢, for
all /e TUJ and ¢ € P}. We perform our simulations considering a random sample of the dataset

described above to reduce the computational time[”]

5.2. Benchmarks
To assess the performance of DH under different platform designs, we compare it with the bench-
marks studied in Section [4H]

1. Local Greedy: for each user, select the subset of profiles that maximizes their expected number

of matches, i.e., S} = arg MAX g p,\(JioL 57:I5|< K, {szes Goer - <1{Z,€B§} + dere - ]1{5'@32})} .

2. Perfect Matching (PM): in each period ¢ € [T'], solve the perfect matching problem (including
possible initial backlogs). We formalize this method in Appendix

3. Global Greedy: for each user, select the subset of profiles based on Algorithm 5| (using the
standard greedy method for submodular maximization (Fisher et al.||1978)) as ALG). We consider
two special cases of this algorithm: (i) None and (ii) First. In the former, we restrict to sequential
matches when making the first-period decisions (i.e., we use Algorithm [5|directly). In the latter, we
extend this algorithm to allow non-sequential matches in the first period.

Moreover, we consider three variants of DH that differ on whether we allow for non-sequential
matches when solving Problem to obtain the first period decisions: (i) None forces w! =0 Vt €
{1,2}, e€ E, i.e., excludes non-sequential matches in both periods; (ii) First allows non-sequential
matches in the first period, i.e., forces w? =0 for all e € F; and (iii) Both allows non-sequential

matches in both periods. Finally, we compare all these methods with the upper bound (UB) obtained
from solving Problem .

5.3. Results
For each platform design and benchmark, we perform 100 simulations where, in each period, (i) we
choose the profiles to display to each user considering K, =3 for all £ € TU J, (ii) we simulate the
decisions of the users based on their like probabilities, and (iii) we update the state of the system
before moving on to the next period. In all these simulations, we assume that each user starts with
no backlog (i.e., B} =0 for all £€ T U J)[™]

In Figure [I] we report the average number of matches generated by each benchmark for each

platform design.

21n Table |3| in Appendix we report several summary statistics of the sample, including the number of users,
their average score, the average number of potentials available, their average backlog size, and their average like
probabilities.

13We also tested other benchmarks such as Naive, Random, and our partner’s algorithm. However, since the results
reported here significantly outperform these other benchmarks, we decided to omit them and focus on the results of
the algorithms proposed above.

14 The results are similar if we assume an initial backlog.
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Figure 1 Matches per Benchmark by Platform Design

(a) Men Initiating (b) Women Initiating (c) Two-Directional
140 250
uB LUB
120
200 1 I L ==
L e 2 100 I I I 9 -
I I I E 80 élso—
- 5 oo 2 5 =
“I= £ 60 €T 2 1001
2 40 T E €L
= 50
201
Local PM None  First None  First  Both 0 Local PM None  First None First Both 0 Lo‘cal PM No‘ne Fillst No‘ne Fillst Bo‘th
Greedy Global DH Greedy Global DH Greedy Global DH
Greedy Greedy Greedy

5.3.1. One-Directional Interactions. Figures[laland [Ib|report the results for one-directional
platform designs, with men and women initiating interactions, respectively. In both cases, we observe
that the performance of PM and Local Greedy is considerably better than their worst-case per-
formance. Moreover, we observe that Global Greedy outperforms these benchmarks, but allowing
non-sequential matches in the first period leads to no improvement. Finally, we find that DH and
its variants significantly outperform all the other benchmarks and that allowing for non-sequential
matches plays almost no role, consistent with the results for Global Greedy.

More interestingly, comparing Figures [lal and we observe that the initiating side matters. In
particular, we find that DH leads to significantly more matches when women initiate interactions. As
theoretically suggested by (Kanoria and Saban 2021, |Torrico et al.|[2021, |Shi|2022a)), one potential
reason is that women have a significantly lower like probability (20.3% vs. 53.6%; see Table |3| in
Appendix |C.1)). To test this conjecture, in Figure 2| we compare the results for men and women
initiating interactions varying the like probabilities for women (Figure and the maximum number
of profiles that women can see in each period (Figure . Specifically, for each women j, we either
multiply their like probabilities ¢%, by a constant a € {1,1.25,1.5,1.75,2} for each i € 77} and
t € {1,2} or we modify the right-hand side of the cardinality constraint for women K € {3,...,6}
while keeping that for men fixed at three, and repeat the simulation procedure described above.

From Figure we observe that the number of matches is strictly increasing in o when men
move first, while it is weakly increasing when women do so. Moreover, there is a threshold &
(approximately at 1.5) such that the number of matches obtained when men move first is strictly
larger than the number of matches obtained if o > &, while the opposite holds when o < &. Note
that this switching point is below the ratio of the average like probabilities for men and women
(equal to 2.115 = 0.571/0.227), suggesting that the difference in selectivity cannot fully explain
the effect of the initiating side. Indeed, we observe that the threshold is closer to the ratio of the

expected backlog size produced by men and women, i.e., the ratio of like probabilities times the




Authors’ names blinded for peer review
Article submitted to Manufacturing € Service Operations Management; manuscript no. 25

Figure 2 Sensitivity to Problem Parameters for Women
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ratio of the size of each side of the market, which is equal to 1.381 =2.115-113/ 173. Moreover,
from Figure 2b] we observe that the number of matches is strictly increasing in the cardinality of the
set of profiles that women can see in each period, and the gap on the number of matches obtained
by each initiating side is relatively stable. These results indicate that the balance between size and
selectivity is the primary driver of the differences in the performance by initiating side.

Overall, the results in this section suggest that the initiating side matters and that the performance
of the algorithms is sensitive to the differences in the expected backlog per profile displayed on each
side of the market. Hence, platforms that use a one-directional design and aim to maximize the
expected number of matches should consider as initiator the side leading to the smallest expected

backlog per profile displayed, balancing size and selectivity.

5.3.2. Two-Directional Interactions. In Figure[ld, we report the results for a two-directional
platform design. First, consistent with the results for one-directional interactions, we find that DH
outperforms all the benchmarks considered. Second, allowing non-sequential matches in the first
period leads to no improvement. This result, which also holds in the one-directional case, aligns
with the results in |Rios et al| (2023), which show that most matches occur sequentially. Finally,
comparing the results in Figure [I with those in Figure [Ib, we observe that the one-directional
design with women initiating leads to at least 50% of the matches obtained with two-directional

interactions.

15 This holds since the number of profiles each user on each side of the market sees is the same (equal to three). If
this were not the case, the ratio of backlogs would be equal to the product of the ratios of (i) like probabilities, (ii)
side sizes, and (iii) average profiles that each user sees on each side.
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6. Extensions
In this section, we analyze several extensions of our model. In Section [6.1} we analyze the problem
with a general time horizon. In Section [6.2] we extend the model in Section [4.3] to allow for non-

sequential matches in the second period. We defer the proofs to Appendix

6.1. Multiple Periods: One-Directional Interactions and Sequential Matches

So far, we have focused on a two-period version of the problem. As previously discussed, this
assumption is borrowed from practice since most dating platforms either (i) precompute the subsets
of profiles to show to each user daily or (ii) compute them dynamically over time based on the
state of the system, namely, the set of potentials and the backlogs. Hence, considering a longer
time horizon in the computation does not lead to substantial benefits. Nevertheless, whether the
guarantees discussed in Section [4] extend to multiple periods is an interesting theoretical question.

In this section, we show that we can extend DH (specifically, the relaxation in ) to obtain
guarantees for any time horizon when we restrict to either semi-adaptive or adaptive policies (as
defined next), provided that we exclude non-sequential matches in the last period.

DEFINITION 1. We say that a policy is semi-adaptive if (i) it non-adaptively selects profiles for
the initiating side, i.e., when selecting profiles to start a sequential or a non-sequential interaction;
and (ii) it adaptively selects profiles for the responding side, i.e., when selecting profiles from the
backlog. In contrast, we say that a policy is adaptive if it selects the profiles to display in both sides
(initiating and responding) using information from previous stages.

To simplify the exposition and analysis, we focus on the case with time-homogeneous probabilities,
e, ¢pp=¢up forall te[T], LeTUJ, l'€ P}. Then, consider the following extension of the
relaxation in used by DH:

max Zwe'ﬁe-i- Z Z Yoo - Do

e€E LeIV] prep}
st Yo §$5/75'¢§/7Z, weluld, ' eP,,
Top+ T+ we <1, VelUuJ ' ePy,e={l1}, (17)
D wmrt Y wet Y pe <K, T, WelUl,
¢ep} ecE: lce vep}

xe{0,1}%, we {0,117, y e [0, 1),

The decision variables x, , indicate whether or not user £ sees £'’s profile throughout the T-period
horizon, initiating their interaction. The decision variables y, »» represent the probability that ¢ sees
¢’ as the respondent /follower of the interaction, which happens only conditional on ¢ liking ¢ in the
first place. Finally, the decision variables w, with e ={¢,¢'} capture whether ¢ and ¢’ both see each
other in the same period. Note that when T"= 2 the third constraint in is equivalent to the
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aggregation of the third and fourth constraints in . As we show in Lemma provides an

upper bound for any semi-adaptive policy.

LEMMA 3. Problem 18 an upper bound for Pmblem when II 1s restricted to semi-adaptive

policies.

Based on this result, we can design a T-period version of DH, formalized in Algorithm [2| that
achieves a 1 —1/e approximation factor for Problemwhen II is restricted to semi-adaptive policies,
as we show in Theorem [2| Algorithm [2[ starts by solving Problem , whose optimal solution
(x*,w*,y*) provides an upper bound for the maximum expected number of matches that any semi-
adaptive policy can obtain in T" periods (by Lemma. Then, in each period ¢, the algorithm iterates
over users and decides the profiles to display based on x* and w*. The algorithm first exhausts
the profiles initiating an interaction, i.e., xy» =1 (Steps 6-8). If there is still space left in S}, the
algorithm displays profiles that are part of non-sequential interactions (i.e., w* =1) as long as the
cardinality constraint is not binding for both users (Steps 9-12). If the cardinality constraint is still
non-binding, the algorithm computes the optimal subset of profiles to display to ¢ based on the
profiles in their backlog (Step . Finally, the algorithm updates the potentials and backlogs based
on the observed like/dislike decisions (Step .

THEOREM 2. Algorithm @ achieves a (1 — 1/e)-approximation guarantee for Problem |1| for any

platform design and when 11 is restricted to semi-adaptive policies.

Note that we could obtain a similar guarantee for the best adaptive policy by solving the linear
relaxation of Problem , as this would provide an upper bound for Problem |1| when restricted
to adaptive policies. However, the analysis of this case is more complex since the optimal solution
may be fractional and, thus, deriving the guarantee would require rounding techniques. Specifically,
the second set of constraints creates a negative correlation among the variables (x,w,y), and it
is unclear how to design a randomized rounding method with meaningful guarantees under this
setting. However, this is possible when policies are restricted to one-directional interactions and

sequential matches, as we show in Theorem [3]

THEOREM 3. There exists a semi-adaptive policy that achieves a (1 — 1/e)-approximation guar-
antee for Problem [1] when II allows for adaptive policies, but it is restricted to one-directional

interactions and sequential matches.

REMARK 4. The guarantee in Theorem (3| is with respect to the best possible adaptive policy,
i.e., the solution derived from solving the DP presented in Appendix Our non-adaptive policy
consists of solving an adaptation of Formulation with the integrality constraints relaxed. Once
a fractional solution is obtained, we construct a feasible solution with the dependent randomized
rounding method proposed in (Gandhi et al.|2006]). Then, we feed this solution to the analogous of
Algorithm ] to this setting.
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Algorithm 2 T-periods DH
Input: An instance of Problem

Output: A subset of profiles to display in each period.
1: Solve and let (x*,w*,y*) be the optimal solution.
2: Define X, = {¢' € P} :xzz,zl} for each f€ JUJ and Wy ={e€ E:lce, w;=1}.
3: for t € [T] do
4:  Initialize S} =10 for each £ € TU J.
5: for /e TUJ do

6: while |S}| < K, and X, # () do

T Let ¢’ be ¢p o € argmax{¢,,: a € X,} breaking ties arbitrarily.

8: St=Siu{l'}, X=X, \{¢'}.

9: while |S}| < K, and W, # 0 do

10: Choose any ¢’ € W,.

11: if |S},| < Ky then

12: Sp=Spu{ey, Sh=5S,u{ty, We=W,\{e}, Wor =Wy \ {e}

13: if |S}| < K, then

14: Solve f}(B}) defined as in considering K, — |S}| as the right-hand side of the

cardinality constraint, where B} is ¢’s backlog at the beginning of period ¢. Let z be
the optimal solution.

15: S;=S,u{l' € B} :z»=1}.
16: For each ¢ € I U.J, display the subset of profiles S}.
17: Observe like/dislike decisions. Update the sets of potentials and the backlogs following .

6.2. Omne-Directional Interactions and Non-Sequential Matches in Both Periods

As we show in Proposition [I] the function that returns the optimal number of matches attained in
the second period (from sequential and non-sequential interactions) given a family of backlogs B is
not submodular when we enable non-sequential matches in the second period. Thus, the analysis
is significantly more complex as we can no longer rely on submodular optimization techniques and
the correlation gap. Nevertheless, we can still provide a performance guarantee for the case when
non-sequential matches are allowed in both periods and when like probabilities on the initiating side

are small, as we formalize in Theorem [4]

THEOREM 4. Consider the case with one-directional sequential matches starting from side I and
non-sequential matches in both periods. Suppose that probabilities are time-independent, i.e., ¢}, =
&2y = Qe and that ¢;; < 1/n for any i€ I,j € J, where n=|I|. Denote by OPT; the optimal solution

when 11 s restricted to policies with non-sequential matches only in the first period and by OPTy
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the optimal value when 11 allows for policies to implement non-sequential matches in both periods.
Then, we have

1

More importantly, any v-approximation algorithm for OPT; leads to a vy (2—16 - 0(1)) approximation
for OPTs,.

Theorem {f implies that allowing non-sequential matches in the second period does not arbitrarily
improve the optimal expected number of matches when the initiating side is sufficiently picky and
the market is sufficiently large. In other words, the majority of matches come from sequential
interactions. As a result, we conjecture that the guarantees in Section 4] may extend to the more
general case. We emphasize that analyses on large markets with small probabilities are common in
the literature; see Mehta and Panigrahi (2012)), Goyal and Udwani| (2023) for some examples from

the online matching literature.

7. Conclusions
In this paper, we study the design and optimization of curated dating platforms, focusing on two
key design features: (i) the sequence of interactions and (ii) the timing of matches.

Our theoretical analysis demonstrates that the Dating Heuristic (DH) introduced by Rios et al.
(2023) provides a simple and robust framework to solve the problem, achieving a 1 —1/e constant-
factor approximations for all platform designs, in sharp contrast to other common approaches.
Moreover, our empirical analysis, which uses real data from our industry partner, confirms the
theoretical results, generates new insights into the performance of the DH in practice, and provides
a series of guidelines for designing these platforms. First, we show that the performance of the
DH is robust to the different platform designs, outperforming all the other benchmarks considered.
Second, our results confirm that avoiding non-sequential matches does not significantly affect the
number of matches the platform can generate, regardless of the platform design. More interestingly,
our simulation results demonstrate that platforms using a one-directional design should initiate
interactions with the side that leads to the smallest expected backlog per profile displayed, balancing
size and selectivity. Lastly, we show that a one-directional design can lead to at least half of the
matches as those obtained with a two-directional design.

Overall, our work contributes to advancing the understanding of curated dating platforms’ opti-
mization and provides actionable insights for improving their design depending on their desired goals
and functionalities. Moreover, our model can be adapted to capture a general market (i.e., not only
heterosexual individuals) by appropriately duplicating nodes on each side and imposing constraints

on the set of potentials of each user. As we introduce more constraints to avoid conflict between
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duplicated nodes, we expect DH to perform well in practice but likely with lower worst-case prov-
able guarantees. Finally, we remark that our insights may be relevant to other two-sided assortment

problems, such as those faced by freelancing, ride-sharing, and accommodation platforms.
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Notation. In the remainder of the Appendix, with a slight abuse of notation, we write the family of
backlogs B as a collection of directed edges, e.g., (¢,¢') € B means that ¢ is in the backlog of ¢', i.e., £ € By.
For a set function f we write f(BUe) for f(BU{e}).

Appendix A: Appendix to Section
A.1. Dynamic programming formulation

Let ;=1 if a match between users ¢ and ¢ happens in period ¢, and p; ,, = 0 otherwise. As discussed in
Section 1t = 1if and only if one of the following three (disjoint) events takes place: (i) {®} , =1,/ € B},
(ii) {®%,=1,£€ BL}, or (iii) {®}, =P}, =1}.

Given a set of potentials P = {Pe},c1,, and a set of backlogs B= {B:¢} ;0,5 Problem|l| can be formulated

as the following dynamic programm

VIP.B)=  max {E[Z ZMz[/.n{e,emﬁé.u;,z/-n{emﬁvt“(ﬁ\(ﬁuﬁ),gui\b?)]}

SeePy 4
|Sp| <K VeeTuJ LeluJl’es,

VTP, B) =0

where L = {L¢},er, and D= {D¢},c 1, are such that L, and D, represent the sets of users that liked and
disliked ¢ in that period, i.e.,

Li={l'eP,:£e S, Py, =1}

D,={'eP,:teS, ®y,=0}
Note that the first term in the summation (uj, - 1{rep,;) captures sequential matches, i.e., matches produced
by cases (i) and (ii) mentioned above, while the second term (if ., 1s¢5,;) captures non-sequential matches
generated produced by case (iii)ﬂ The latter term is multiplied by 1/2 to avoid double-counting non-

sequential matches.

A.2. Offline Optimum versus Online Optimum

Consider the following instance taken from|Chen et al.| (2009). Let I and J be the two sides of the market, with
n users on each side. In addition, let ¢, ; = (2logn)/n and ¢, ;=1 for all j € J, i € I, so that 8. =2logn/n
for each edge. Finally, suppose that T'=1 and K, =1 for all £ € I U J. According to [Erdés and Rényi
(1964} {1968), with constant probability there exists a perfect matching which means that the value of the
omniscient optimum is ¢-n for some constant ¢ > 0. On the other hand, the optimal one-directional policy

shows S;, = {ji.} and produces a matching of expected size 2logn. Therefore, the gap is O(lo%).

A.3. Two-Period Model
A.3.1. Definitions.

DEFINITION 2 (MONOTONICITY). A non-negative set function f:{0,1}* — R is monotone if, for every

x€{0,1}* and e € E such that 2, =0, we have f(x+ L1iy) > f(x).

16 In a slight abuse of notation, we assume that the set operations in V*'*t1(.) are component-wise, i.e., 75\ (§U 5) =
{Pe\ (SeUDe)}ep,y and BUL\ S ={BeULe\ Se} ey
17 This holds because it cannot happen that £ € By and ¢ € By.
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DEFINITION 3 (SUBMODULARITY). A non-negative set function f:{0,1}” — R, is submodular if, for
every x € {0, 1}E and for every e, e’ € E such that z, =z, =0, we have fx4+ 1y +1ey) — f(x+ 1) <
f(x+1;)—f(x), where 1. € {0, 1}5 is the indicator vector with value 1 in component e and zero elsewhere.

A common approach in submodular optimization is to extend the set function f: {0, 1}E — R, into a
continuous domain [0, 1]E . Although there are different continuous extensions, the most useful in terms of
algorithmic applications is the multilinear extension.

DEFINITION 4 (MULTILINEAR EXTENSION). For a set function f:{0,1}7 — R, we define its multilinear

extension F:[0,1]¥ — R, by

F@)= Y f& e J] a-x).

SCE €€S  ccF\S
A.3.2. Missing Proofs. With a slight abuse of notation, let f(B) be the expected number of matches
generated in the second period in the general case (i.e., obtained from solving )
Proof of Proposition[]. Let X(B) and W(B) be the sets of backlog and non-backlog pairs shown in the
optimal solution of the second period problem. Consider the following example. Let I = {i1,i2}, J = {J1, 72},
and the following probabilities:

¢i11j1 = 17 ¢j1,i1 =6 ¢i21j2 =6 (bjzﬂ'z = 176i1,j2 = 1/2751'2,]'1 = 1/2

If B=0, then W(B) = {(i1,42), (i2,51)}. If we add (iz,J2) to the backlog, then W(B U (iz,J2)) = {(i2,51)}
and X(B U (’I:g,jg)) = {(]2,22)} HGHCG,

fBU(ia,j2)) — f(B)=1+1/2—(1/2+1/2)=1/2.
On the other hand, if B’ = {(j1,i1)}, W(B’) = {(2,71)} and X(B’) = {(i1,41)}. If we add (iz,72) to B/,
then W(B'U (i2, j2)) = {(i2,j1)} and X (B"U (i2,j2)) = {(i1, 1), (j2, i2)}. Then,
FB'U(iz,j2) — f(B)=1+1+1/2—(1+1/2) = 1.
Hence, we have that
BCB'  and  f(BU(iz,j2)) — f(B) < f(B'U(iz, 2)) — f(B'),
so we conclude that f(B) is not submodular. [
PROPOSITION 8. The function f(B) can be efficiently evaluated by solving a linear program.

Proof of Proposition[§  Given a realized backlog B ={B,},_, ,
tite graph with two sides U,V with U=IUJ and V=BU{(i,j) €I x J : j€P;,i € P;}, i.e., U contains
the set of users and V' the set of arcs that could be displayed in the second period. Let E C U x V be the
set of edges. Then, a pair (¢, (¢',¢")) € U x V belongs to E if and only if

and a set of potentials P, define a bipar-

(0, 0"yeB, or [({,0")¢B,le{l l"}].

In words, an edge between £ € U and (¢',¢") € V exists if and only if the edge (¢',£") is either in the backlog

of ¢ or both users ¢ and ¢ can see each other simultaneously. Now, for any pair of nodes (u,v) € E such
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that v € B, we define a variable y, ,, that is equal to 1 if v = (u,u’) € B, and u sees ', and zero otherwise.
Similarly, for any pair (u,v) € E such that v = (u,u') € V' \ B, we define a variable z,, , that is equal to 1 if
u sees u’, and zero otherwise. Note that here we do a slight abuse of notation and assume that if z; (; ;) =1,
then i € I sees profile j € P;\ B; and, similarly, if z;; ;) = 1, then j € J sees i € P; \ B;. For convenience,
we will use in these cases that ¢ € (i,7) and j € (4,5). Finally, for any pair (u,v) € E such that u € I and
v e V\B, let w,, =1 if both users involved in v see each other simultaneously, i.e., if v = (4,5) € V'\ B, then
Ti,(i,5) = Tj,i,5) = L.

Using these variables, we can formulate the second period problem as follows:

f(B) ‘= max Z Z Yo - D2+ Z Z w;., - B2 (18a)

uwelU veB i€l §(i)NV\B

.. Yo Yot D Tuw<K, Vuel (18b)
ves(u)NB ves(u)NV\B
wz,(z,]) _xu,(i,j) S07 V(l,j) EV\B,ZGI,UE (Z,j) (18C)
Wi, (4,5) — Lu,(4,4) <0, V(Z,]) GV\B,iEI,ué (Z,j) (18d)
Tuw€{0,1}, veEV\B,ucv (18e)
Yuo €{0,1}, VueUved(u)NB (18f)
w;, €{0,1}, YveV\B,i€v (18g)

where 32 = ¢2 - $2 is the match probability between the users in the pair v and §(u) is the set of edges
incident to node u € U. Let Q2 be the set of constraints in , and . Note that each variable
appears at most twice in @2, and that every time they appear they are multiplied by either 1 or -1. Thus, to
show that the matrix of constraints if totally unimodular, it remains to show that the constraints in Q% can
be separated in two subsets such that (i) if a variable appears twice with different signs, then the constraints
belong to the same subset, and (ii) if a variable appears twice with the same sign, then the constraints
belong to different subsets. Let Q% and Q2 be the subsets of constraints of Q2 involving u € I and u € J,
respectively. Then, observe that

e cach w; (; ;) appears in two constraints with the same sign (w;,; ;) — %i,¢;,5) <0 and w; (; ;) — 5,5 <0),
but these constraints belongs to Q% and Q?, respectively.

e cach z; (; ;) appears in two constraints with different signs (Zveé(i)ﬁBi Yiw T ZvEtS(i)ﬁV\Bi Zi, < K; and

Wi, (5,5) — Tiy(i,g) < 0), but these constraints belong both to the same subset Q7. Similarly, x; (; ;) appears in
two constraints with different signs, but both constraints belong to Q3.
Hence, using Hoffman’s sufficient condition, we conclude that the constraints in Q% can be written as the
product of a totally unimodular matrix and our vector of decisions variables. Finally, since the right-hand
sides of the constraints are integral, we conclude that the feasible region of the problem is an integral
polyhedron, and thus we can solve its linear relaxation. [

Proof of Lemma[dl Let us construct a partition of the edges E: Define part &, for each £ € TUJ as the set
{(¢,0"): 0" € B,}. The budget for each part is K,. This shows that R?(B) corresponds to a partition matroid.
Then, using Proposition 3.1 in [Fisher et al.|(1978)), we conclude that f(B) is monotone and submodular. [
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LEMMA 4. The function M?(x,w) is non-negative monotone and submodular in x.

Proof of Lemma[j  Since M?(x,w) does not directly depend on w, we will drop it from the notation to
ease exposition and simply write M?(x).

Recall that f is a non-negative, monotone submodular function due to Lemma|[I] Since f is non-negative,
then M?2 is also non-negative. For x € {0,1}%, let E(x) ={e€ E: ., = 1,2, =0} where € denotes the
inverted arc e, i.e., if e= (¢,£') then € = (¢, £). ['| Then, we can re-write M? as follows

> B e II (-9
BCE(x) e€B  ccE(x)\B
On the other hand, for any e ¢ E(x) we have

M(x+1g)=¢!- > fBue[[e! J[ (1-9¢b)

BCE(x) e€B  ¢cE(x)\B

o e I a-eb

Bgﬁ(x) cEB eEE(x)\B

Therefore,

M (x+ 1) - M (x)=¢! > [fBuUe)—fB)[[s: [[ (1-¢b)

BCE(x) €€B  ccE(x)\B
Since f is monotone, then f(BUe)— f(B) >0 for all B C E(x) and e ¢ E(x), which implies M2 (x + Liey)—
M?2(x) > 0.
Now, let us prove that M? is submodular. Consider any x € {0,1}7 and e, ¢’ ¢ E(x). Our goal is to show an
alternative characterization of submodularity: M?(x+1.;) — M?(x) > M2 (x+ 1y + Lioy) = M2 (x+11y).
Note that we have the following expression for M?(x+ 1y + Lery)

MA(x+ Ly + 1) = - Y fBuee)[Jol I @-e
BCE(x) ecB ecE(x)\B

+ol (-0l Y. fBue) el ] -4
BCE(x) e€B  cE(x)\B

+.(1 > fBue el I a-eb)
BCE(x) e€EB  ccE(x)\B

+ (1=l -y @ e I a-6b
BCE(x) e€B  ccE(x)\B

Analogously, we can compute M?(x+ 1y.;) and M?(x + 1;.4). By deleting common terms, we can obtain
the following

MP(x+ 1) — M (x) = MP(x+ Ly + 1iry) + MP(x+ 1iory)
=¢lol - Y [fBUe)—f(B)—fBUee)+fBUe) [[¢r [ (-4

BCE(x) ecB ecE(x)\B

from which submodularity follows due to submodularity of f. [

18 Note that, when x € R, for any pair i € I, j € P} we cannot have (i,7),(5,7) € E(x) because of one of the
constraint of the problem.



Authors’ names blinded for peer review
Article submitted to Manufacturing € Service Operations Management; manuscript no. 37

A.4. Dating Heuristic (DH)

In this section, we formalize DH as initially introduced in (Rios et al.[2023)). For each period t € [T], DH
considers two steps:
1. Optimization: this step involves solving the following linear program:

t+1

1
max D7 D7 D7 Giubhe g Wi Hedi

T=t LeIUJ é’epz

t t'—1
st Y yis < Lpenyy + > (@ —wi )b, VETUT L EP) €t t+1],
T=t T=t
t+1
S w, v <1, WeeTuJ, ¢ ept, (19)
T=t
> ap . tyie <K VEeTUJ teltt+1],
é/
Wy g KXY gy Wy g S XTprgy Wy o = Wiy, VelUJ ' ePy, Teltt+1],
Ty s Yg s wy e €[0,1], VeelUJ 0 eP,, Teltt+1].

The decision variables y; ,, and 7} ,, represent whether £ sees profile £’ in period ¢ as part of a backlog and
to initiate a sequential match, respectively. The objective is to maximize the expected number of matches
obtained in periods {t,t+ 1}, including sequential (first term in the objective) and non-sequential matches
(second term in the objective). The first family of constraints defines y and captures the evolution of the
backlog. The second family of constraints captures that a profile can be shown at most once, while the third
considers the cardinality constraints. Finally, the last family of constraints captures the definition of wy ,,
which accounts for non-sequential matches between ¢ and ¢’ in period t¢.

2. Rounding: since the optimal decisions x**, y**, w** of may be fractional, this step involves rounding
them in order to decide the profiles to show in the current period. Specifically, the rounding process starts
by adding to S§ the profiles for which ; ,, > 0 (in decreasing order). Then, if there is space left, the rounding
procedure adds to Sj the profiles for which 2} ,, > 0 (in decreasing order), making sure that the cardinality
constraints are satisfied.

Notice that these two steps consider the current set of potentials P} and backlog B for each user £ € U J.
Then, at the end of each period, the sets of potentials and the backlogs are updated considering the profiles
shown and the like/dislike decisions, as shown in . This procedure is formally described in Algortihm

A.4.1. Proof of Lemma@ Let (x,w,y) be a solution in Problem . Then, define (%, Ww,y) as follows:
y =y and

o Ifx,p=1, 2p,=0and wyp =wp =0, then set £, » =1 and £, , =0 and w, =0.

o Ifwyp=xp,=1and wy ey =wpy,=1, then set &, =2y ,=0 and w. =1.

o Ifzyp=xp,=0and wy ey =we,=0, then set &, =2, =w. =0
Clearly (%x,w,y) is feasible in Problem and it has the same objective value. To show the opposite

direction, the construction of variables is analogous. O
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Algorithm 3 Dating Heuristic (DH), (Rios et al.|2023])

Input: An instance of the problem.

Output: A feasible subset of profiles for each user in each period.
1: for t € [T] do
2: Solve and keep x*t, y*.

3: For each user £, sequentially add profiles £’ for which yzg, > (0 until the cardinality constraint
is binding. If the latter is not binding, add profiles ¢’ for which x’g;/ > () until the constraint

becomes binding.
4: Update potentials and backlogs following .

Appendix B: Appendix to Section
B.1. Missing Proofs in Section 4.1

B.1.1. Local Greedy. The Local Greedy policy selects, for each user and period, the subset of profiles

that maximizes their expected number of matches, i.e.,

SCP}:|S|<K,

S! = argmax {Z Geer - (]l{z'eBg} + oo l{é'¢35}> } )
ves

Proof of Proposition[3. Suppose that there are n users on each side of the market, i.e., I = {i1,...,i,}
and J = {j1,...,Jn}. In addition, suppose that P! = .J for every i € I, P; =1 for every j € .J and K, =1
for all € IU.J. Let us set the probabilities: ﬁ}’j =1 for j=4; and for all 1 € I, ,Bil’j =1—¢foralliel and
J #j1, while 57, =0 for all i € TU J, j € P}. In this setting, the Local Greedy policy will choose S} = {j1}
for every user i, and therefore only one match will take place in expectation. In contrast, an optimal solution
is to assign S} = {ji}, which leads to 14 (n —1)(1 — ¢) matches in expectation. Then, the performance of

the greedy policy is given by 1/(1+ (n—1)(1—¢)) — 0, as n — oo for ¢ sufficiently small. O

B.1.2. Perfect Matching. The Perfect Matching heuristic solves, in each period ¢ € [T, the following

problem:

1
t it t pt
max E E ye,wd’z,z' + iwz,elﬁz,el

Le1ug g’e’]?l}

st Yoo <Lfpep)s Ve IUJ, t' € P}
e+ Yp e <1, VlelulJ, ¢ eP! 0)
Z x2,2/+y2y < K,, YelUuJ
vePt

t t t t t _ t / t
w&Z/ S'IZ,Z" w@,f/ S IZIZ7 wZ,Z/ _w€/€7 Vz € IU:], E 67)1;

Ty YoorsWep €10,1}, VelUld, l'eP;.
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Then, set S;={¢' € P}:x}, =1 or y;, =1} for each £ € IU.J. Note that, if there is no initial backlog, then

the problem can be re-formulated as:

max Zﬁé -w!

eckE
st. Y wl <K, VeeluJ
ceE:bee (21)
> wi<l, Ve€ E
te(T]
w! €{0,1}, Vee E, te [T,

where the second constraint ensures that each edge is used at most once, i.e., that no two users see each
other more than once. This is captured in the previous formulation through the set of potentials Py;.

Proof of Proposition[3.  Suppose that |I|=2n, |J| =2, that P} = J for every i € I, P} =1 for every j € J,
K,=1forall € IUJ and that ¢} ; = p while ¢! , =q foralli€ I, j € J, and t € {1,2}. Then, it is easy to see
that the sequential perfect match policy leads to 4pg matches in expectation. On the other hand, consider

the policy where:

(i) Int=1, {i1,...,0n} see j1, {fnt1,-..,92,} S€€ Ja, J1 S€€S ia, and jy sees i;.
(ii) In t =2, {i1,...,0n} see ja, {ins1,---,02,} S€€ j1, j1 sees any profile that liked her in ¢ =1, and same
for j=2.

Given this policy, the matches (i2,,71) and (i1,72) happen with probability pg each. On the other hand,
j1 matches with someone in {iy,...,%,} with probability (1 — (1 — p)")gq, and the same for j, matching
with someone in {%,y1,...,%2,}. Then, the total expected number of matches is 2pg + 2¢(1 — (1 — p)™),
which is optimal for this instance. Then, the sequential perfect match policy achieves a performance of
4pq/(2¢(p+1—(1—p)™)) = 2/(1 +n) when p — 0, and since 2/(1 +n) — 0 when n — oo, we conclude the
proof. [

B.1.3. Proof of Proposition We use appropriate submodular optimization and randomized round-
ing tools to theoretically analyze Problem |2f under one-directional interactions and sequential matches. To
formalize this analysis, let F' be the multilinear extension of the set function f defined in , ie.,
Fx)= > f®)[[e [0 -z).
BCE; ecB e¢B

Note that we define this extension over arcs in E; since this is a one-directional setting. Also, observe that for

any x € {0,1}71, we have F(¢!-x') = M?(x',w'), where ¢' -x' denotes the vector with components br,xl;
for all i € I, j € J. As previously discussed, representing M?2(x!, w?!) through the multilinear extension of
f has the advantage that the latter can be evaluated in [0, I]EI rather than only in {0, 1}E1 . Then, consider

the following optimization problem:

max F(z) (22a)
s.t. Z ;LIJ <K,; foreveryiel, (22b)

jeT:¢l >0 "I
0<2 <¢! for every e € E;. (22¢)

First, we show the following:
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LEMMA 5. The optimal value of (22al)-(22¢c]) is an upper bound on the optimal value of Problem under

one-directional interactions and sequential matches.

Proof of Lemma[j Consider a feasible solution x' € {0, I}El of Problem |2| under one-directional inter-
actions and sequential matches, that is, . 2} < K for every i € I. Let z = ¢' - x'. Note that, for each
il

Z zig /i, = Z z} <K,
j€J:¢; ;>0 j€J:¢] ;>0
and z, = 1 ¢! < ¢! for every e € E;. Therefore, z is a feasible solution for the problem (22a)-(22d). Since the
objective value of x! in (7) is equal to the objective of z in ([22a)-(22d), the proof follows.

Since f is monotone and submodular and F' inherits all its properties, we can use Lemma 4.2 in [Vondrak

(2008) (see Corollary [1]) to find our desired performance guarantee. Formally,

COROLLARY 1 (Vondrak| (2008)). There exists an efficient algorithm that computes a point z that sat-
isfies (22b) and (22c) such that F(z) > (1 —1/e)- F(z*), where z* is an optimal solution of (22al])-(22c).

We emphasize that the solution z in Corollary [I] might be fractional, so we need to use a rounding procedure
to construct the final solution of our problem. To find our feasible point we use: (i) the continuous greedy
algorithm proposed by (Vondrak|2008), and (ii) the dependent randomized rounding algorithm by |Gandhi
et al.| (2006]). Specifically, the feasible solution can be obtained as follows:

1. Compute a solution z for the problem — using the algorithm from Corollary

2. For each i€ I and j € J, set &; ; = z;;/¢; ; when ¢} . >0 and zero otherwise.

3. Independently for each user i € I, run the dependent randomized rounding algorithm |Gandhi et al.

(2006) on the fractional vector X; € R to compute an integral random vector x; € {0,1}”7.

Algorithm 4 Approximation Algorithm for One-Directional Interactions and Sequential Matches

Input: An instance of the problem.

Output: A feasible collection of subsets S*.
1: Compute a solution z for the problem — using the algorithm from Corollary
2: For each i € I and j € J, set y;; = 2;;/¢} ; when ¢}, >0 and zero otherwise.

3: Independently for each user ¢ € I, run the dependent randomized rounding algorithm |Gandhi
et al. (2006) on the fractional vector y; to compute an integral random vector x; € {0,1}7.
4: For each i€ 1 return S} ={je J:z,;=1}.

Given the fractional solution z satisfying the guarantee in Corollary [1} let %; € [0,1]7 be the fractional
vector such that the j-th entry is equal to z; ;/¢; ; when b; ;>0 and zero otherwise. Observe that thanks to
constraint ([22¢) we have x; € [0,1]” for each i € I. Then, independently for each user ¢ € I, by the algorithm
in |Gandhi et al. (2006)) it is possible to efficiently compute an integral random vector x; € {0,1}” satisfying

the following conditions:

LY e iy <[X;c, %y, and
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2. E[.’L‘L’J] :‘i‘l,j for each el and J eJ.

Thanks to condition of the randomized rounding algorithm, for each i € I we have .,z <
{Zjejiij—‘ = [Z]’EJ:mpO 25/ 0151 < K;, where the last inequality holds since K is integral and z satisfies
constraint (22b)). Therefore, our algorithm gives a feasible solution for Problem [2l We now analyze the

approximation guarantee.

Esoix [f(B)]= Y f(B)-Px(B=B)

=Y fB) Eu|[] olw [J(1—¢tae)
BCE; ecB e¢B

= Z f(B)HélEx[xe] H(1_¢2Ex[l‘e])
BCE; e€B e¢B

=3 i) J[ ¢ ¢— [Ta-¢! 25 = M),
BCE; e€EB € e¢B €

where the second equality comes from the fact that x; is independent from x; for every ¢,i’ € I with 7 #/,
and the third equality comes from condition [2] of the randomized rounding procedure. Finally, Lemma [5]
states that OPT’ > OPT, where OPT’ is the optimal value of Problem —, so we conclude the proof
by using Corollary . (]

B.2. Approaches Based on Submodular Maximization

B.2.1. Missing Proofs in Section [4.2| . We first show that for this setting, the feasible region corre-

sponds to the intersection of two matroids.

LEMMA 6. The feasible region R corresponds to the intersection of two matroids when 11 is restricted

to two-directional interactions with sequential matches.

Proof. Our ground set of elements is £ = E;UE,. The first partition consists of the following parts:
Er={e:e=(L1) for every £' € P}} for all £€ TUJ. It is easy to check that £ = Uyc;u,E and ENEy =10
for every £,¢' such that £ # ¢'. Finally, the budget for each part &, is K,. Now, let us construct the second
partition matroid. For every pair i € I and j € J, we define a part &; ; as the set {(,7), (,7)}. Indeed this
forms a partition of £. Finally, the budget for each part &; ; is 1.

Proof of Proposition[5. ~Consider Problem [2] with two-directional interactions and sequential matches.
Since x! is a 0-1 vector and M?(-) is monotone submodular over elements in E, we know that a vanilla
greedy algorithm achieves a 1/(1+r)-approximation for the problem of maximizing a monotone submodular
function over the intersection of r matroids [Fisher et al| (1978) and local-search guarantees a factor of
1/(r +¢) for any fixed € >0 (Lee et al.|2009)). By Lemma@ we know that r =2, and, thus, the guarantee is
1/3 for greedy and 1/(2+€) for local-search.

B.2.2. Missing Proofs in Section Before proving the next result, let us consider the following
definition:

DEFINITION 5 (LAMINAR MATROID). A family X C 2% over a ground set of elements & is called laminar
if for any X,Y € X we either have XNY =0, X CY or X CY. Assume that for each element u € £ there
exists some A € X such that A > u. For each A € X let ¢(A) a positive integer associated with it. A laminar
matroid Z is defined as Z={ACE: |[ANX|<¢(X) VX € X}.
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LEMMA 7. The feasible region RV corresponds to the intersection of a partition and a laminar matroid

when I1 is restricted to one-directional interactions allowing non-sequential matches in the first period.

Proof. Our ground set of elements is £ = E,UE. First, let us define our laminar family X'. For every pair
iel,jeJ consider X;; ={(i,7),{%,7}}, also for every i € I consider Y; ={(i,£): L€ P} } U{{i,l}: L€ P}}.
Indeed, this is a laminar family, two sets of type X do not intersect and two sets of type Y also do not
intersect. Sets of type X and Y intersect only if they correspond to the same ¢ € I in which case X, ; C Y.
Finally, for every X, ; we have ¢(X, ;) =1 and for each Y; we have ¢(Y;) = K. Therefore, for this laminar
family X and values ¢(-) we have that Z={ACE: |[ANX|<¢(X) VX € X} coincides with feasible region
Q'. The partition matroid is defined by the following parts: for each j € J consider & = {{i,j}: i € P;} and
& =E\U,c, & The budget for each part &; is K; and for & is [&.

Proof of Proposition[f. Similar to the proof of Proposition

B.2.3. Missing Proofs in Section [4.4

LEMMA 8. The feasible region RV corresponds to the intersection of three partition matroids when II is

restricted to two-directional interactions allowing non-sequential matches in the first period.

Proof of Lemma[8 Our ground set of elements is £ = E,UE,;UE. As in Lemma @ the first partition
consists of the following parts: & = {{(¢,7),{i,j}}: for every j € P!} for all i € I and & =& \ U;e & Tt is

easy to check that £ =& U, ., & and E,NEy = for every £,£' € TU{0} such that £ # ¢'. Finally, the budget

el
for each part &; is K; for every i € I and |&| for &. Analogously, we can construct the second partition
matroid by considering parts: & ; = {{(j,%),{7,j}}: for every i € P} } for all j € J and & =&\ U;c,E&;. The
final partition is composed by the following parts: For every pair ¢ € I and j € J, we define a part &; ; as the
set {(¢,7), (4,9),{4,7}}- Indeed this forms a partition of £. Finally, the budget for each part &, ; is 1.

Proof of Proposition[7. Similar to the proof of Proposition [f]

B.2.4. Policy Based on Submodular Maximization Algorithms. Our policy based on submodular

optimization approaches is formalized in Algorithm

Algorithm 5 Policy based on submodular maximization

Input: An instance of the problem and an algorithm ALG for submodular maximization subject

to the intersection of r matroids.

Output: Feasible subsets: x!, x>

1: Use ALG to obtain an approximate solution x' of Problem

1

2: Observe the backlogs B generated by x' according to (2))

3: Obtain x? by solving to optimality .
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B.3. Missing Proofs in Section 4.5

Consider an optimal solution (x*,w*,y*) of and the following formulation

F(x*,w") :=max Z Z (ﬁ,e’ Yo (23)

ZEIUJelepel

s.t. Ye e S ¢}/7Z '$Z/y47 Ve IU J, v € Pl}
Z Yoo < Ky, VeelUJ
t'eP}
Yoo 2 0, YelulJl ePy.

Clearly, y* is an optimal solution in F(x*,w*). Define X, = {¢' € P} : z}, , =1} and observe that, in the
problem above, we can restrict variables y, » to ¢’ € X, (the others are zero). Also, note that is separable,

ie., F(x*,w*) =3, ,;, Fo(x*,w"), where

Fg(x*7w*) = max{ Z qﬁiw c Yt Z Yor SKh Yo §¢}/,Z’ 24 S Xg} . (24)

Vex, VeXx,
Our goal is to compare F(x*,w*) with the distribution problem, which considers a larger space of distributions
over the backlogs. For x*, w*, the distribution problem is defined as:

G(x*,w") :=max Z Z fe(B) - Xes

Le1uJg ngl}

s.t. Z Aep=1, VeeluJ
BCP}
> Nep=dee i, VEeTUJ, U P}
BCP}
VeB
Aeg >0, VlelulJ, BCP;.

where A\, g can be interpreted as the probability that the backlog of user ¢ is B. The second family of
constraints states that the probability of the backlog of ¢ containing ¢’ equals the marginal probability
that ¢ saw and liked ¢ in the first period. Similar to F(x*,w*), note that G(x*,w*) is separable since
fB) =3, fe(B), where fi(B):=max{}, s¢;,: |S| <K, SC B} (by independence of like decisions
across users). Also, we can limit variables A, p to subsets B C X, because zp,=0 implies that Ay 5 =0 for

all B such that ¢’ € B. Hence, we can write G(x*,w*) =3, ,, G¢(x*,w"), where

G[(X*,W*)Z:HlaX E fg(B))\B E )\le, E )\B:Qb}/l, VZIGXZ . (25)
BCX, BCX, BCX,
(eB

To show our main result, we study the dual formulation of and , which are given by (resp.):

F/_,D(x*,w*) :=min K,-0+ Z Yer ~¢>1}/7,_7 (26)
LeXxy

st. O+yp>07, VU EX,

0, Yer >0, Ve e X,
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and
GP(x*,w*):=min 0+ Z by oV (27)
vex,
st. 0+ Fu>f(B) VBCAX,
t’eB
0,7, €R, v € X,.

In Lemma @ we characterize some useful properties of the dual problem GP? (x*,w*). We defer its proof

to Appendix

LEMMA 9. Let GP(x*,w*) be as defined in . Then, the following properties hold:

1. There is an optimal solution (9*,7*) such that ", Yo >0, for all ' € X,.

2. The feasible region can be equivalently restricted to constraints for B C X, such that |B| < K,.

3. There is an optimal solution (5*,7*) and a subset B* C X, with |B*| = K, such that, for some a* >0,
we have: (i) 2, — 7y =a* for all ¢ € B*, (ii) ¢y — Ty < for all €' ¢ B*, and (iii) 0" = K,a*.

One of the key elements in the proof of Theorem [I]is the following lemma, which shows that the optimal

solution of the distribution problem provides an upper bound for the problem solved by DH (11]).
LEMMA 10. F(x*,w*) < G(x*,w*).

Proof of Lemma[I0l Note that it is enough to show that F,(x*,w*) < G,(x*,w*) for all £ € U J. Given
a solution (x*,w*), there are two possible cases.

1. If | X,| < K, we show that F,(x*,w*) = G,(x*,w*). On the one hand, observe that the optimal solution
in is such that y, = ¢y , for all £' € X, because 3", x, Yoo = D pex, Por o < |Xe| < Ky Therefore, the
optimal objective value in is Fo(x*W*) =", cx, 07 0Pl -

On the other hand, note that |X;| < K, implies that f,(B) =3, 4, 7 s Lwepy for all B C X, since the
backlog is smaller than the budget and, thus, the optimal decision in the second period is to show the entire
backlog. Therefore, the optimal objective value in is
Go(x",w") = Z A fe(B) = Z A - Z ¢?,el1{f'€f3}: Z ¢3,4/ Z Ap = Z (ﬁ,e"z’z}/,ea
BCX, BCX, vex, vex, B:B>¢ vex,
where in the last equality we use the feasibility of A. Thus, we conclude that Fy(x*,w*) = G,(x*,w*) in this
case.
2. If | X,| > K, we show that F,(x*, w*) < G,(x*,w*). To see this, first note that we can combine Lemma@

(parts 1. and 2.) and the fact that f,(B) =3, 5 ¢;, for any |B| < K, to rewrite the dual of G,(x*,w*) as

GP(x*,w*):=min 0+ Z Gy g e (28)
vex,
st. 0+ Fu>Y ¢ip VBCAX, |B|<K,
¢eB ven

0,7, >0, Ve e X,.
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Let (é*,ﬁ/*) be an optimal solution of and a* be the corresponding constant as defined in Lemma |§|
(part 3.). We can construct a feasible solution (¢,7) in by taking 6 = o* and v, =7}, for all ¢’ € X,.

Clearly, these values are non-negative. Moreover, for each ¢’ € X,
0+ ="+ 2 G0 — Vo + Vo = bl

Finally, the objective value of (6,v) is K,a*+3,, ¢} /7, which is equal to objective value of (@",7*) in [23).
Hence, we know that
Go(x*, w*) =GP (x*,w*) = K,0 + Z qb,},yﬂe/ > FP(x*,wh) = Fy(x*, w"),
vex,
where in the first and last equalities we use strong duality[”| Hence, we conclude that F,(x*, w*) < G,(x*,w*)
in this case.
Proof of Theorem[]l Let us recall for a moment that the original objective function of our problem can

be re-written as

M(x,w) =M (x, W)+ M2 (x,w) =Y Bl-wet+ Y Y fi(B)-Pa(B),
ecE elug ngel
where ]le (B) = HZ’EB (;5%,’( * Tyl HZ'%B(l — ¢%’,€ . ,13@/’5) and fg(B) =maXscn {ZZ’ES d)?,@’ : |S‘ S K[} In par-
ticular, given an optimal solution of DH (L) (x*,w*,y*), we can define \j}, = IP,; (B), which is a feasible
solution in . The correlation gap, introduced in (Agrawal et al.|2010)), lower bounds the ratio between
the objective value of the independent distribution X["jg and the optimal value in . Formally, let A} ; be
an optimal solution in (I6]). Since f,(-) is a monotone submodular function for each ¢, we know that
ZeeIuJ ZBQP} fE(B) ! )‘ien,%
ZeeluJ ZBQP; ff(B) ’ /\ZB

Note that the numerator is M?(x*,w*) (as defined in (6)) and the denominator is G(x*,w*). Then, thanks

>1—1/e.

to Lemma [0} we obtain
MA(x* w*) > (1—1/e)-G(x*,w*) > (1 —1/e)- F(x*,w*)
Finally, we conclude the proof by noting that
M (x* W) + ME(x*, wh) > MY (x", w) + (1 —1/e)- F(x*,w*) > (1—1/e)-OPT' > (1 —1/e)-OPT

where OPT’ is the optimal value of and, in the last inequality (i.e., OPT' > OPT), we use Lemma
which we prove in Appendix

LEMMA 11. Problem is an upper bound of Problem @

19 Both duals are always feasible, since we can consider § =0 =0 and v, =7, = (]32[/ for all ¢’ € X,.
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B.3.1. Remaining Proofs of Technical Lemmas.

Proof of Lemma[gd We prove separately each point.

1. Let (9*, 7*) be an optimal solution. The non-negativity of §Z’s results from taking B = () in the constraint
(fe(®) =0). To prove the non-negativity of 7}, we note that in the optimal solution, there is a set B* C X,
such that 8, = f,(B*) — > weps Vor; Which is the set that maximizes f,(B) — ), . 7;- Denote by C, = {¢' €
Xo: 7 <0}. Let us redefine 5; = 5; + Ze'ecg o0 -, Clearly 5; > 0 since

0=0i+ Y b

vec,

=D A+ D b

¢ eB* tec,

> fo(Cy) — Z’Y@/JFZW’

LeCy LeCy

= fe(Cy) >0

where we use that B* is the maximizing set and ¢y, , -7, > 7%, as 7, <0 for £’ € C, and ¢;, , < 1. Redefine
Fp =7, for all £ ¢ C, and zero otherwise. Note that the objective of ?l,i’ is the same than the one of 8", 7*.

Finally, the constraints are satisfied because, for any B C A,

0, +Z’75/—fe Z'Yel"‘Z@fl Yo+ Z Ve

'eB L'eB* 'eCy '€ B\Cy
>fg BUC@ Z ’YE/"‘ Z 'YZ/+ Z ’YZ’
L'eBUC, L'eCy ' eB\Cy
= fg(B U C[)
Z fZ(B)v

where in the first equality we use that >, ¥y =3, g\, Vo since 7, =0 for £ € C;. The first inequality
follows by the optimality of B* i.e. fo(B*) =3, c 5. Tir = fe(BUC) =3, puc, Tor and that -, o 5 - To >
Yow cc, Vo~ The last inequality is due to monotonicity of f,.

2. Let (§°,7%) be an optimal solution. Then, 6 = maxpcx, {fe(B)=X,cp7i}. Let B* be the corre-
sponding maximizer, i.e., § = f,(B*) = Y., 5. Vi, and let S* C B* be an optimal solution in f,(B*), i.e
|S*| < K, and f,(B*) =3, #; - Therefore, 0 = Y ovrese Powr — Dpeme Tor-

To find a contradiction, suppose that |B*| > K,. Then, we know that S* C B* and, since ¥}, > 0, we can
remove terms in the second sum and potentially increase this difference, i.e.,

DR D S S PR S/

eesr eeB* ees* eesr
contradicting the optimality of B*.

3. Let (5*,7*) be an optimal solution. By part 2. of this lemma, we know that there exists a subset B*

such that |B*| < K, and
7= 3 @m0z g { e T
v eB* V'eB
Observe that qﬁ?,l/ -7, >0, V¥ € &,. To see this, we argue by contradiction; suppose there exists ¢’ € &, for
which the difference is strictly negative (i.e., 75, > ¢7 /), then:
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e If #/ € B*, we can remove it from B* and easily show that 8" does not satisfy the constraint for B*\ {¢'},
which contradicts the feasibility of (6",7*).
o If V' € X, \ B*, we can create a new solution by decreasing 7}, until ¢Z£,. This solution is still feasible
since, for any B that contains ¢, we have
5 + Z 72// +72/ :a + Z 72// +¢?’4/ 2 Z (,7524// + (rb?,l’ - Z d)?,l”'
e eB\E e eB\W ¢ eB\¢/ ¢eB
The feasibility for any B that does not contain ¢ also holds. More importantly, this solution has a lower

objective value, which contradicts the optimality of (9*,7*).
Finally, note that due to non-negativity we have ¢7,, —7;, <mingcp{¢7 , =7}, V' € X'\ B*, otherwise

we could swap the corresponding terms and contradict the optimality of B*.

Given the properties above, without loss of generality, suppose that the indexes ¢/ € X, are sorted in decreasing
order of ¢7 , =7}, i.e.,

(1521 _Tf > ¢?,2 _75 22 ¢Z\Xz\ _7\;\5@\ > 0.
By its optimality, we know that B* consists of the first K, elements in this ordering, i.e., B* ={1,..., K,}.
We now show that ¢7, —7; = ¢, — 7, = a* for any £',¢” € B*. To find a contradiction, suppose that
this does not hold. Then, there exists ¢’ € {1,..., K, — 1} such that ¢7 , =7} > &7 ;. .y — 741 Let £’ be the
smallest index that this happens. Let (5/,7) be such that 8 =8 — ¢’ € Yo =7 +€forall ¢ €{1,...,0'},
and 7, =7, for all ¢” € {'+1,...,|X,|}, where € >0 is such that ¢7, — 7} —e= 7, ; — 7} ;,. In words,
this new solution shifts all the terms in {1,...,¢'} to make them equal to the (¢ +1)-th term.
Clearly, by feasibility of * and the fact that e > 0, we know that 7 is non-negative, while this also holds for
9 since

=0 —1¢

o
Z Z (QZ)Z@// _721/) - El - €

=1
= (¢3,el+1 - 7241)
>0,

where the first inequality is due to the feasibility of 9" and the fact that (ﬁ,e'/ -5, 20, V0" € X,, while the
last equality follows from the definition of e.

Also, note that the constraints for B C &, such that {1,...,¢'} C B still hold since

0 =0"—10¢
= Z (Qb?,g// _7211) _El - €
" eB*
o
- Z (QS?,Z// - 7;//) + Z ((b?,l“ - 72//) - él - €
£"eB*\{1,...,.0} =1
o
= D> (e A+ D (Sl =)
0"eB*\{1,...,¢'} =1

Z,
> (e —Ae)+ D (B —Tu),

e"eB\{1,....t'} =1
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where the inequality is because B* is composed by top elements. The argument for B C X, such that
{1,...,0}N(X,\ B) # () is analogous. Hence, (?lﬁ’) is a feasible solution of Problem . Finally, note that

this new feasible solution leads to the following objective

Vi

e/
il — — n* / —x —x
0 + Z (ﬁ”,[ﬂ” + Z Qsz-//,g’yz// =60 -7 €+ Z (bz//’e (72// + 6) + Z (bz//’[y‘g//

=1 01X N{L,...,0'} = 01 XN L,....0'}
Zl

_7* 1 = 1

=0 + E G Vi — € E (1 =)
rex, =1

. L

<9 + E (be//’g’}/z//,

0rex,

which contradicts the optimality of (8",7*). Therefore, we must have o — Voo = PFor41 — Turgq for all
¢ e{l,...,K,} and, thus, there exists o* >0 such that ¢7, —7; =" for all ¢ € B* and ¢7,, —7; < o* for

all ¢ ¢ B* (by optimality of B*). Finally,

0= 6in-7u=|B"|- 0" =K, o

' eB*

REMARK 5. The same argument applies if ¢7,, —7; =0, in which case a* =0.

REMARK 6. If a* > 0, the argument does not necessarily apply beyond the first K, elements of the sequence
(although we do not care about those elements). For example, suppose that the first K, + 1 terms are such
that ¢7 , —7; =« and strictly greater than the (K, 4 2)-th term. Then, to make them all equal, we need to
reduce 8" = K, - o by (K, + 1) - € and, thus, the resulting =8 — (K, + 1) - € may be negative.

Proof of Lemma[I]l Let (x,w) be a feasible solution in Problem [2] Define x = x, w = w and y as follows:
forallleTUJ, V' eP}

Yero = Zﬂ l{ZESW(BE/)} ']P&(B)
BCE
where Sy (By) is an optimal solution for user ¢ in the problem defined in f(B). Clearly, X, W satisfy their
constraints in Problem , so it remains to show the constraints that involve y are also satisfied. First,
note that

Yoo = Z ]l{eesgl(B)} IPx(B)

BCE
- Z I{ZGSZ/(B’U{(Z,Z/)})} P (B’ U (4, 0))
B/CE\(¢,0')
= 2 Yesymoeen) Pxl(60) - Px(B)
B/CE\(¢,0')
= .f?é,[l . ¢£,gl . Z ]I{ZGSZ/(B/U(ZVZ/))} IP;((B’)
B/CE\(¢,0')

. 1
S Zoer - Gy
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where the third equality follows by the independent choices made by the users, the fourth uses that
Ps({(£,€)}) =&, - d;  and the last inequality follows because the sum is at most 1. We now focus on the
cardinality constraints of y:

Z Yoo = Z Z ]l{eese,(B)} IPx(B)

LEPyr LePy BCE

= Z Z ]]‘{ZGSZ,(B)} IPx(B)

BQE LEP,y
K, —1

=Y | Y. k-Px(|By|=k)+ Ky -Px (|By| > Kp) | - IP2(B)
k=0

BCE =

<> Ky -IPy(B)
BCE

- Kg/ D
Appendix C: Appendix to Section
C.1. Estimation of the like probabilities and sample for experiments

To estimate the probability that each user 7 likes a profile j € P!, we use a logit model with user-fixed effects:
Yijt :ai+)\t+X;jﬂ+eijt' (29)

The dependent variable, y,;;, is a latent variable that is related to the like decision ®; ; according to

@t o 1 lf yijt > O,
&d 0 otherwise.

We control for users’ unobserved heterogeneity by including user fixed-effects, «;. We also control for period-
dependent unobservables by including period fixed-effects, A,. The third term on the right-hand side, X7 8,
controls for observable characteristics of profile j, and also for their interaction with user ¢’s observable
characteristics. Specifically, we control for the attractiveness score, age, height and education level (measured
in a scale from 1 to 3) of the profile evaluated. In addition, for each of these variables we control for the
square of the positive and negative difference between the value for the user evaluating and that of the profile
evaluated. Finally, we also control for whether the users share the same race and religion. Finally, €;;, is an
idiosyncratic shock that follows an extreme value distribution. In Table [2] we report the estimation results.

Using these coefficients, for each user i and profile j € P} we compute the probability ¢; ;. In Figure |3[ we
plot the distribution of like probabilities separating by gender, estimated using the parameters from column
(2) in Table [2| These are the probabilities we use on our simulation study.

In Table |3) we report summary statistics for the sample used in the numerical experiments (standard

deviations in parenthesis).
Appendix D: Appendix to Section [6]
D.1. Multiple Periods

D.1.1. Proof of Theorem [2l The first part of the analysis is similar to that of Theorem [I} i.e., we

compare the duals of two formulations and use the concept of correlation gap. With a slight abuse of notation,
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Table 2 Estimation Results
(1) (2)
Batch size -0.004***  -0.004***
(0.0004)  (0.0004)
Score 0.832***  0.832***
(0.014)  (0.014)
Score - Positive difference 0.012***  0.012***
(0.003)  (0.003)
Score - Negative difference -0.011*** -0.011***
(0.003)  (0.003)
Age -0.026***  -0.026***
(0.004)  (0.004)
Age - Positive difference -0.002*** -0.002***
(0.0004)  (0.0004)
Age - Negative difference -0.0009** -0.0009**
(0.0005)  (0.0005)
Height 0.055***  0.055***
(0.008)  (0.008)
Height - Positive difference 0.002***  0.002***
(0.0006)  (0.0006)
Height - Negative difference -0.004*** -0.004***
(0.0006)  (0.0006)
Education level 0.060**  0.061**
(0.024)  (0.024)
Education level - Positive difference ~ -0.001 -0.0008
(0.014)  (0.014)
Education level - Negative difference -0.077** -0.077***
(0.016)  (0.016)
Share religion 0.078***  0.078***
(0.013)  (0.013)
Share race 0.457**  0.458***
(0.030)  (0.030)
User v v
Date v
Observations 396,226 396,226
Pseudo R? 0.386 0.386
Figure 3  Distribution of Like Probabilities

0.00 0.25 0.50 0.75 1.00
Like Probability

D Men l:‘ Women

Table 3 Descriptives of Instance
N  Score Potentials Like Prob.

Women 173 5.330 69.491 0.270
(2.423) (15.978) (0.174)
Men 113 2.763 94.035 0.571
(1.504) (22.701)  (0.132)
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we will use the same notation as in the proof of Theorem [I} Given an optimal solution (x*,w*,y*) of

Problem , we define

F(X*,W*) ‘= Inax Z Z Dot Yoo (30)

LeliuJ E’EP}

s.t. Yoo S Iz’,l . (b‘g/’[, V£€ Ty J, gl S P[l
ZW,WSKZT, VeeluJ
t'eP}
Yer >0, VeeTUJ 0 ePL.

where KI :=K,-T — Zz,epl} Ty =D eemee. W) for each £€ ITUJ. We now define our second formulation:

Gx*,w*)=max Y > fINL) Ay (31)

LeruJ Lgpel

st Y Ap=1 VieluJ
BCP}
S AL =0vi T, VeeTUJl P}
LCP}
Ao >0, VlelulJ, LCP;.

where

Z[T] (L) = max{z ¢[’el TN Z Ze,0! S Kg, NG S ]l{eleL}7 Zo,0 2 O} . (32)

el L'eL

Analogous to the analysis of Theorem [I} we can obtain the following result:
LEMMA 12. F(x*,w*) < G(x*,w*)

We omit the proof of this result to minimize redundancy.

Proof of Theorem[3 ~ Consider an optimal solution (x*,w*,y*) of Problem (I7). Let us denote
by L = {L;}icrus the random set of likes that result from showing profiles in x*, ie, L =
{¢:2;, =1, ®,, =1 in some period ¢t € [T], V¢ € IUJ}. Given the independence of users’ decisions, the
distribution of L is such that for every ¢/ € TUJ

)‘i;/(fL = H INZ Y H(1 = Gre Ty ).

teL (¢L

Since the function fem defined in is monotone and submodular, then (Agrawal et al.|2010) shows that

ZZGIUJ ZLng} fe[T] (L) : )‘izn,dL >1 1 (33)
> eerus ZLQ’} fz[T] (L)-N5. €

where A\* is an optimal solution of Problem . Note that

SN L), = Gl W) 2 F(xt, wh),

LeluJ Lgpel

in which we use Lemma [I2] Therefore, we can conclude that

SN L) A > (1-1/e) - F(x*,w*). (34)

LeruJg Lgp}
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The final step in our proof is to show that the expected number of sequential matches achieved by Algorithm
is lower bounded by the term on the left in (34).

Recall the definitions in Algorithm ie, Xy ={l'eP}:x},=1}and W, ={ec E: L ce, w; =1} for all
¢eTUJ. Note that Algorithm [2] exhausts all the profiles in X, U W, for every £ € I U J. Given this, we can
first conclude that the expected number of non-sequential matches achieved by our method is ) _. few},
which coincides with the non-sequential part of the optimal objective in Problem .

We now focus on analyzing the expected number of sequential matches obtained by our method. For every
te[T], let X} =X,NS} be the set of profiles displayed to ¢ in period ¢ as the initiating side of a sequential
interaction. Similarly, let W}/ =W, NS} be the set of profiles shown to ¢ in period ¢ as part of non-sequential
interaction. Consider a sample path of Algorithm |2 and fix the realization of ®;, for every ¢’ € X and
t € [T]. This implies that the backlog in each period t € [T] for each user £ € TU J is a deterministic set B:.
Denote by Z} the set of profiles shown from the backlog B of user ¢ in stage ¢; note that Z} is deterministic
(as B! is) and results from solving the problem in Step [14]in Algorithm [2| Finally, as introduced in Section
let L! be the set of users that liked ¢ in period t, i.e., L}, = {K/ e Xy, Dy, = 1}. In a slight abuse of notation,
let L, =J relT] L! be the total set of profiles that liked ¢ during T periods. Note that, for any ¢ € [T], the
backlog satisfies Bf =, _, L7 \ (U, ., Z7)-

For every £ € TU.J, the total expected number of sequential matches achieved by Algorithm [2] is

D fBY=] D bes (35)
te[T] te[T) ez}
where ff is as defined in considering K, — | X}| — |W{| as the right-hand side of the capacity constraint.
Since we include profiles in each S} from X, in decreasing order of ¢, , (Step , then (J, ;) Z; contains the
profiles with the highest values ¢, , available in L,. This is crucial when we compare our method with the
value of Problem for the same set of likes L,.

For the total set of likes L, that £ received, let Z, be an optimal set in problem fZ[T] (L) as defined in
([32). Construct a partition of Z,in T sets Z},...,ZT as follows: (i) profiles in Z, are added to the sets in
decreasing order of values ¢, (ii) the set Z! is filled before continuing to Z;', (iii) for each t € [T] we
have | Z!| < K, — | X}| — |W}| and a profile ¢ is added to Z! only if was not added before and ¢ € B}. This is
possible because L, =J, ¢,y B; and

DUIZHS Y KX - Wi =K T= Y |X(| = Y Wi =Ko T= ) ajp— Y, wi=K],
te[T] te[T) te[T) te[T] vep} cEBLEe
where K7 is the right-hand side of the cardinality constraint in fIN(L,). Note that the second equality
follows as the profiles in X, UW, are exhausted.

CLAM 1. For every L€ TUJ, t € [T] we have Z} = ZL.

Proof of Claim. First, note that Zf = if and only if B =0 or K, = |X}| + |W{| = |S}|, which means
that Zﬁ = () due to the construction above. Second, suppose that Z} # () which means that B} # () and
K, > | X}|+ |W/|. Since Z} is an optimal set for the problem defined by f}(B}), then Z} contains the profiles
with highest values ¢, that are available in B}. Due to Step [7|of Algorithm the profiles in Z; have higher
values than profiles in Z:**. Therefore, because of our construction was over the same set of likes L, then

the sets Z! must coincide with Z!. [
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The above claim implies that the total expected number of sequential matches is such that
DSUBY=D0 Y b= Y b= bw=1" (L),
te[T) te[T) ezt te[T] e ez} ez,

Taking expectation over the set of likes L, and summing over ¢ € I U J we obtain

ENY S Bl =>" 3 @) A, =1-1/e) F(x*, w*)

LeIUJ te[T) LeTUT L,CP}

By summing non-sequential and sequential matches, we get

STBawi+E Y DB =D Bawr+(1—1/e) F(x*, w")

eEE LeluJ te[T] e€EE

>(1—-1/e)- | Bow} + F(x*,w*)

ecE

>(1-1/e)-OPT @y

>(1—-1/e)-OPTY,
where OPT 7 denotes the optimal value of Problem and OPT" is the optimal value achieved by the
best semi-adaptive policy. In the last inequality, we use Lemma

D.1.2. Proof of Theorem Fix the initiating side to be I. Since we restrict the space of policies to
one-directional interactions and sequential matches, then our main relaxation is Problem with z;; =0
for all j€.J,i€ P} (ie., users in J do not initiate interactions), y; ; =0 for all i € I and j € P} (i.e., users
in I are not followers in an interaction), w, =0 for all e € E' (i.e., there are no non-sequential interactions)

and relaxing the integrality for the remaining variables, i.e., z; ; € [0,1] for all i € I, j € P}. The resulting

max Z Z Yii D

formulation is

i€l jgpil
s.t. y]',igxi’]"(lsil’j, VZGI, jE’P},
S wi,<K;-T, Viel, (36)
jeP}
Z Vi <K;- T, Vjeld,
ieP]l

xe [0,1%7, y 0,11

LEMMA 13. Problem s a relaxation of Problemfor any adaptive policy with one-directional sequen-

tial interactions.

Our main method is similar to Algorithm [2] but we include a rounding procedure since an optimal solution
(x*,y*) of Problem may be fractional. Specifically, we use the dependent randomized rounding procedure
introduced in (Gandhi et al.||2006)), as we did to prove Proposition [4] This method outputs a random binary
vector X € {0,1}71 such that: (i) 3;cp1 #i; < K, - T for all i € I with probability 1 (ii) E[Z;;] =7, for all
1€l,je le. Finally, based on &, we proceed as in Algortihm [2| to decide the subsets of profiles to show in

each period.



Authors’ names blinded for peer review
54 Article submitted to Manufacturing & Service Operations Management; manuscript no.

Proof of Theorem[3  Fix the random binary vector x obtained from the rounding. The proof from here is
analogous to that of Theorem [2] Therefore, we obtain that the total expected number of sequential matches

achieved by our method is such that

S)SDIWITIES o) S LANT

JEJ te[T) JEJ L ; g:]l

where fjm (L;) is defined as in but with f(]T = K, - T, the expectation is over the randomness of

likes/dislikes and
A =TT dosies [T (=158
icL; igL;

By taking expectation over the randomness of X, we obtain

x~x* ZZ ft Bt Z Z fT] xNx*[)\']ndL]

JjE€J te[T] JjE€J L g7:'31
T *
:Z Z f][ ](Lj)‘ H ¢i,j33i,j H (1 —¢i,ﬂ3f,j)~
JjeJ ngp]l i€L; i¢L;

where in the last equality we used the independence of like/dislike decisions of each user i and Ez.,«[Z; ;] =
x; ; which is the property of the rounding algorithm.
To finish the proof, note that thanks to the correlation gap we have
> >0 K [T ety [T - 0u00,) > (1= 1/e) Fx),
jedJ ngPJl i€L; i¢L;
where F(x*) is with IN(JT =K, T and y,;, =0 for all i € I, j € PL. Finally, F(x*) > OPT" follows
from Lemma where OPT™ is the optimal value achieved by an adaptive policies with one-directional

interactions. [

D.1.3. Remaining Proofs of Technical Lemmas.

Proof of Lemma[3 Consider an optimal semi-adaptive policy 7*. Since 7* decides non-adaptively the
profiles that initiate sequential interactions and the profiles of non-sequential interactions, then define z, » =1
if 7 shows profile £ to £ in some stage (as the initiation of a sequential interaction), and zero otherwise.
Similarly, let w, =1 if the users in e mutually see each other in some period, and zero otherwise. Let (2
be the set of sample paths. For every w € 2, let yy,, = 1 if the policy displays profile ¢’ to user ¢ from the
backlog in some period in path w, and zero otherwise. Finally, define y,» =3 _q ¥, - P(w), where P(w) is
the probability of sample path w, which is completely determined by the like/dislike realizations.

Let us prove that these variables are feasible in Problem . Clearly, we have x, + x4 o +w. <1 since
the policy shows a profile either as a sequential interaction or as a non-sequential interaction. For every

¢eIUJ and ¢ € P} we have

Ye,or = Z Yoo - Plw

weN

< Z L1 tiked ¢ in w} - Tere - P(w)
we

=Ty e Z ]l{zz/ liked £ in w} ~]P’(w)

we2
< ¢e’,z$é/,z~



Authors’ names blinded for peer review
Article submitted to Manufacturing € Service Operations Management; manuscript no. 55

Finally, we have that for every f € T U J

Z Ty + Z we + Z Yo,or = Z [ Z T+ Z We + Z yZe'} P(w)

elepl} ecE:lce WG’P} weN 2/673} ecE:lce Z’GPel
we

where in the inequality we used that, for every path, we show at most K, in every period and there are T
periods. [

Proof of Lemma[I3 Consider an optimal adaptive policy 7* with one-directional interactions. Let € be
the set of sample paths. For every w € Q, let 27, =1 if the policy displays profile j to user 7 in some period
in path w, and zero otherwise, and let x; ; =) _o ¥, - P(w), where P(w) is the probability of sample path
w. Similarly, let y;’; =1 if the policy displayed profile i to user j from the backlog in some period in path
w, and zero otherwise. Finally, define y;; =>_ _,y%,-P(w). Let us prove that these variables are feasible in

Problem .

First, for every i € I we have
jePil wGQje‘Pil we
where the first inequality is because in every sample path we have Zj Pl x?; < K;-T as there are T periods
and at most K; profiles are shown per period. In a similar fashion, we can prove that >, .. y;; < K;-T.
J

Finally, for every j € J and i € ’le we have

Yji= Z Y5 P(w)

weN
< Z L tiked j in w} - T, - P(w)
we
< @i Z i Pj(w)
wEQ_ij
= Qi Ti

where in the first inequality we use that Y5 < L tiked j in w) " X5 In the following inequality, we remove the
independent event that 4 liked j from the sample path space €.;; and from the probability P_;;(w). In the
last equality, we use that the decision of 7* to show j to 7 is independent of the realization of ®; ; since the

2]

policy doesn’t have access to realizations beforehand. [
D.2. Omne-Directional Interactions and Non-Sequential Matches in both Periods
D.2.1. Proof of Theorem Recall function M? defined for (x',w') as
M (x',w') =" f(B)-Pu(B=B).
BCE
This sum is over all possible backlogs, i.e., all edges that belong to E. Note that P, (B = B) “restricts”
the valid backlogs that come from the first-period profiles x!, i.e., this probability will be zero for any B

that contains an element e € E with z! = 0. This means that, effectively, we are summing over subsets of

E(x")={ecE: z! =1}.
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LEMMA 14. The function M? can be reformulated as
M2(x,w)=>_ f(BNE(x))-P(B=B),
BCE

where P(B=B) =[[.cp ¢ [15a(1 - ¢2)-
Note that in the result above the distribution of backlogs does not depend on the first-period decisions.

Proof of Lemma([Ij  First, note that for any L C E(x) and any B C E such that L =B E(x) we have
f(B)=f(L). Then,

M (x,w)=>" f(BNE(x)) -P(B=B)

=Y 3 fBNERX) PBE=B)

LCE(x) BCE:
BNE(x)=L

= > > JL)PRB=B)

LCE(x) BCE:

BNE(x)=L
=Y fm > PB=B)
LCE(x) BCE:
BNE(x)=L
= > fW]]etx. [ (-lwo).
LCE(x) e€L e€B(x)\L

Let f (x',w',B) be the solution of (3) (note that P2 is dependent on x*, w'). Following a similar argument
as in the proof of Lemrna we can define M? (x!,w') as
Mix,w) =3 f (x,w!,BNE(x)) -P(B=B)
BCE
Now, we are ready to prove our main result.

Proof of Theorem[j) For simplicity, we show the result for the case when K, =1 for all £ € I U J; for the
general case, the analysis is similar since we can do it per pair of users. Let (x'*,w*) and (x"*,w"*) be
the optimal solutions of the two-period version of Problem [I] excluding and enabling non-sequential matches
in the second period, leading to OPT; and OPT5 expected matches, respectively. To ease the exposition, we
will drop super-indices of the variables.

Our goal is to lower bound the following ratio

OPT; Y. cpwe-fBe+M?(x,w)
OPTy 3, pt. B+ M (%, %)

By using Lemma [T4] we redefine both objectives to consider backlog distributions that are independent of

the decisions in the first period, i.e.,

S w ot Mixw) Y (Teepwed+ FBNERX))BB=B)
Seen e Bt MA(X, W) S (ZeeE W, - B+ F(BNE(X),%, vv)) P(B=B)

(37)

To lower bound this ratio, we now proceed to lower bound the expected contribution of each pair (i,j) € I x J.

Given that we are assuming one directional interactions with sequential matches going from I to J, the

expected contribution of the pair (i,7) in OPT; depends on the first-period decisions:
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o If x, ; =1, then the contribution of the pair (7,7) in the numerator is
Ajj=dijdji Z ]l{iGSj(B,x)} -P(B=B)
Bi(i,))¢B
where S;(B,x) is an optimal solution for user j in objective f of the second period for B and x. A,; is the
product of: the probability that ¢ liked j, the probability that ¢ was shown to j in the second stage and the
probability that j liked . Observe that if no other agent " € I such that z, ; =1 liked j, then ¢ would be
part of the optimal solution of the second stage. In other words, the event in which no one (except i) likes j
implies the event of i being part of the optimal solution. Therefore,
n—1
Dij =i Z IL{iESj(B,x)} ‘P(B=B) > ;0 H (L= o) > Pijji (1 - 711>
B:(i,j)¢B iy, ;=1

where the last inequality is due to our assumption.

o If w, ; =1, then the contribution of the pair 7, j in the numerator is ¢;;¢;;.
Now, let us compare the contribution of (i,5) to OPT; relative to its contribution to OPT5. As before, we
have different cases depending on the solutions X, w, and their second-period responses:

o If 7, ;, =1 for some j' € P; with j’ # j (when j' = j is analogous). In this case, the platform shows j’ to
i in the first period (initiating a sequential interaction) instead of j, hoping to get an extra non-sequential
match in the second period. Therefore, the contribution of Z, ;; to OPT3 would potentially involve two terms.
First, between ¢ and j', we have

ANijr =iy Z Liies, Baw)} ‘P(B=B)
B:(i,j')¢B

where S;/(B,%,w) is an optimal solution for user j’ in the objective f of the second period with backlog B,
x and w. In the worst case, there is also a non-sequential match between ¢ and j in the second period, which

contributes (in expectation)
A =i Z ]1{1,6%(]3&&)} -P(B=B).
B
Therefore, we have the following contribution in the denominator
Aijr + Dij =iy s Z ﬂ{ieSj/(B,i,v"v)} ‘P(B=B)+ ¢i;0;: Z ]l{iesj(B,g,qv)} ‘P(B=B) <2¢;;¢;,
B:(i,j’)¢B B

where the inequality is due to two facts: (i) Aij/ < ¢;;¢;:, otherwise in solution x with value OPT; we
could show j’ to i instead of j and obtain a better solution, which would contradict the optimality of x; (ii)
ZB ]l{iESj(B,i,\?v)}- ‘P(B=B)<1.

o If @, ;, =1 for some j' € P;; j' is potentially different than j. In this case, the platform decided to show

4’ to i simultaneously in the first period. Then, the contribution in the worst case is the following
B

where the inequality follows as before, i.e., we must have ¢,/; < ¢;; (recall both ¢,;;; and ¢,; are at most 1/n),
since otherwise we can change the solution in x for OPT; and get a better objective as j° would be part of

the second-period optimal solution (j° would see 4 in response) whenever j is.
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o If 2, ; =, ; =0 for all j € P,. This case is similar to the previous one, but now the contribution would
be composed only by a second-period term Ai]-, which is no worse (in terms of denominator) than the other
cases.

Therefore, for any pair (4,7), the ratio between each contribution is at least
I N D1
A+ Ay~ 20i9;i ~ 2e

—o(1)
Finally,

S (Secpwe B+ f(BNEX)) -PB=B) Z |
N PV Zmﬂ}{ﬂ}ZO(l)-
ZB (ZeeEwe.ﬁe+f(BﬂE(X),x’w)) .[[D(B:B) i,5,] Aij/—l—Aij 2e

Note that we may be comparing more terms than we actually need, but we were looking just for a lower
bound. To conclude the second part of the theorem, we observe that we can always obtain more matches
(in expectation) when we allow non-sequential matches in both periods rather than in the first period only.

Formally, for any feasible solution (x!,w!) in Problem 7 then
MQ(XI,Wl) SMQ(XI,WI).

1

Therefore, if we consider x*, w! a y-approximate solution for Problem . Then, we have

~ 1
M3 (xH wh) —|—Zﬂewi > M3A(xt,wh) +Zﬂewi >~-0OPT; >~- <2e - o(l)) -OPT,. O

eckE eckE
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